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Shape Evolution of a Coherent Tetragonal Precipitate in
Partially Stabilized Cubic ZrO,: A Computer Simulation
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The kinetics of shape evolution of a tetragonal precipitate
coherently embedded in a cubic matrix are examined. Spe-
cifically, the morphology of tetragonal ZrQ, particles in
partially stabilized cubic ZrQ, is discussed. A computer
simulation, carried out without any a priori constraint on
possible kinetic paths and particle morphologies, shows that
a lenslike shape appears during growth of a tetragonal
particle. Upon further coarsening, the shape relaxes into
a rhombus bounded by facets. Depending on the balance
between interfacial and strain energies controlled by the
particle size, the facets can be smoothly curved or straight.
The predicted particle morphologies are in good agreement
with the experimental observations. The kinetic model pro-
posed is quite general for simulating microstructural devel-
opments during decomposition involving a crystal lattice
symmetry change where elastic strain accommodation plays
an important role.

1. Introduction

THE discovery of transformation-toughening behavior in
partially stabilized zirconia (PSZ) has generated enormous
research activities on the phase equilibria and microstructural
development in ZrO, and related systems (see, for example,
reviews by Stubican,' Heuer,? and Cannon®). In particular, the
precipitation kinetics of the tetragonal (#-) ZrO, particles from
the cubic (c-) ZrO, matrix, which control the shape, size, and
spatial distribution of the tetragonal particles and hence deter-
mine mechanical properties of the material, have been exten-
sively studied*? (see the reviews>’ for additional references).
The morphology of the +-ZrO, particles in Mg-PSZ was orig-
inally characterized as ellipsoidal.*® Later the tilting TEM
experiment’ demonstrated that the precipitates have a lenslike
rather than ellipsoidal shape. A close edge-on examination by
Ruhle and Kriven® revealed that the precipitates very often have
a faceted morphology with straight interfaces and sharp cor-
ners. Recently, a TEM study of the microstructural evolution in
Mg and Mg-Y PSZs at longer aging times was performed by
Bateman and Notis.'? They observed a gradual transition of a
lenslike morphology formed at the beginning of aging into a
faceted one at later stages of aging. Since particles of different
morphologies generate different stress fields and hence behave
differently in the stress-induced martensitic transformation,
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factors controlling a shape evolution of the +-ZrO, particles are
very important.

It has been first indicated by Lanteri er al.'' that a faceted
morphology of the -ZrO, in Mg-PSZ could be associated with
accommodation of the coherent strain generated by the crystal
lattice misfit between the r-phase precipitate and the c-phase
matrix. They assumed that the orientation of the facets is the
same as that of habit planes of a thin platelike coherent precipi-
tate. Then they calculated the habit plane orientation by min-
imizing the strain energy according to Khachaturyan’s theory."
Similar results were obtained in Ref. 12, where the precipitate
shape was approximated to a circular disk with a finite aspect
ratio. Although these assumptions do not correspond to the
observed particle shapes in Mg-PSZ (the particles do not usu-
ally have a platelike morphology), there is a very good
agreement between the predicted and observed facet orienta-
tions. This raises a question about the limits of applicability of
this approach. To answer the question, a more general and accu-
rate theory should be used which would not pose any cen-
straints on possible optimal particle shapes and would take into
account the interfacial energy as well as the strain energy. It
would also be interesting to investigate not only the energetic
but also the kinetic aspect of the particle shape transformation
and, particularly, to find sequences of transient particle shape
formation at different stages of decomposition.

It is the purpose of this paper to formulate such a general
approach and apply it to study the kinetics of shape evolution
of a t-phase particle coherently embedded in a c-matrix. To
avoid any a priori constraints on the possible particle morpholo-
gies and transformation paths, a kinetic field model based on the
Ginzburg-Landau (GL) phenomenological theory was
employed. Different from the conventional approach where the
particle morphology is characterized by the geometry of the
interfacial boundaries between two strictly distinctive phases
with fixed structures, this model characterizes the morphology
and its evolution by coordinate-dependent continuous fields of
concentration and long-range order (iro) parameters. The
structure transformation kinetics are described by the temporal
evolution of these fields determined from a solution of the non-
linear time-dependent Ginzburg-Landau (TDGL) equations.
Review of the applications of the GL theory to first-order phase
transformations has been given by Gunton et al.'*

In this paper we advance the theory of incorporating the
transformation-induced coherent elastic strain into the TDGL
equations by adding the strain energy functional'*' to the total
free energy in the driving force. This makes the theory applica-
ble to the most interesting and technologically important cases,
where the phase transformations result in substantial crystal lat-
tice rearrangements and symmetry changes. The theory'® pro-
vides a mathematical framework for calculating the strain
energy of a precipitate of arbitrary geometry. However, this cal-
culation cannot be done analytically. Therefore, a computer
simulation technique has been used. The main advantage of the
proposed technique is that the nonlinear TDGL equations auto-
matically take care of all complications caused by the self-con-
sistent boundary conditions on the moving interfaces. In
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principle, it is able to describe an arbitrary morphology of a
multiparticle coherent system and its temporal evolution dur-
ing decomposition.

In the computer simulation, the materials constants of
Mg-PSZ are used to fit the GL free-energy model, so the resulis
are valid for the microstructural developments of the tetragonal
particles in Mg-PSZ. We first focus on a single particle prob-
lem, which represents a case where a typical separation between
the precipitates is much greater than the typical particle size. It
enables us to investigate the evolution of particle shape and ori-
entation excluding the multiparticle effect, the effect caused by
the combined strain field generated by all the other precipitates
presented in the crystal. Then the possible multiparticle effect is
illustrated by a particular case of two interacting particles. The
characteristic behaviors of particle shape transformation and
spatial pattern formation in a dense multiparticle system, where
the interactions between particles play an important role, will be
presented in a separate paper.

II. Kinetic Model and Simulation Procedure

The PSZ is a cubic solid solution with the fluorite structure at
high temperatures. It decomposes into a coherent mixture of a
solute (Mg, CaO, or Y,O,)-rich cubic and a solute-poor tetrago-
nal phase when quenched into a two-phase region of the phase
diagram. Since a cubic — tetragonal phase transformation is
accompanied by a point group symmetry reduction, there are
three orientation variants or domains of the product ¢-phase. To
fully describe the morphology, we need three Iro parameters,
e.g., M, N, and M. In the case of PSZ they are the amplitudes of
symmetry breaking “soft” optical displacive modes. The stress-
free “coarse grain” free energy F. (which does not include the
transformation-induced strain) is then a functional of the con-
centration field c(r) and Iro parameter fields n;(r), i.c.,

F. = Flc(r), m,(r), m,(r), n;(r)]

In this paper we consider only particles belonging to the
same orientation variant, i.e., a situation where n,(r) = m(r),
M,(r) = ms(r) = 0. The specific stress-free free energy at a
given temperature can be approximated by the Landau free-
energy polynomial

1 1 1 1 1
flem) = -2-A(c -y - EBW]Z - ZCT]4 + gD'r]6 + EGCT]Z
(1)

where A, B, C, D, and G are positive constants and ¢’ is a con-
stant close to the equilibrium composition of the cubic phase.
The last term in Eq. (1) describes the coupling between the con-
centration and Iro parameter. The constants are chosen in such a
way that they provide the free-energy topology required for the
system in a two-phase field of the phase diagram. A particular
case characterized by the constants A = 80,B = 0.8,C = 0.5,
D = 0.14,and G = 5 in Eq. (1) is chosen (all the energies
involved in the numerical calculation are measured in a unit
kzT ~ 2 X 10° erg/em®). This choice provides equilibrium
compositions ¢, = 0.045 for the ¢-phase and ¢, = 0.155 for
the c-phase, which are close to the equilibrium compositions of
Mg-PSZ at 1420°C.' Minimizing the free energy (Eq. (1)) with
respect to m at given ¢ allows us to express the minimizing Iro
parameter through composition, i.e., m = m,(c), and thus
exclude m from Eq. (1). The resultant function f(c,m,(c)) is a
projection of the free-energy minima with respect to m on the
f-c plane. A typical dependence of f(c,m,(c)) on ¢ is shown in
Fig. 1 for the given set of parameters A, B, C, D, and G. As
expected, the free energy has two branches: one of them
describes the r-phase (n = 7,) while the other describes the
c-phase (y = 0). Their common tangent determines the equilib-
rium compositions of the ¢- and c-phase at the stress-free state.
With Eq. (1), the stress-free, free-energy functional F, of the
functions ¢(r) and n(r) becomes
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Fig. 1. Specific free-energy vs composition curves for both the
tetragonal and cubic solid solutions calculated according to Eq. (1)
withm = ny(c)andA = 80.0,B =0.8,C = 05,0 = 0.14,G = 5.0.
See text for explanation.

F, = fdr[%achlz + %BIVTIP + f(Cﬂl)] @

where « and B are gradient coefficients. A constant gradient
coefficient gives an isotropic interfacial energy.

The coupling between the strain field €,(r), where i and j
are Cartesian indexes and the Iro parameter field wm(r) is
described by the first nonvanishing term in the free-energy
expansion with respect to these fields. It is characterized by the
stress-free transformation strain £7,(r) responsible for the crystal
lattice mismatch between the 7-precipitate and the c-matrix. The
stress-free transformation strain €} and the Iro parameter m are
related as

ni(r)
g(r) = e
) = e

where m,(c,,) and €% are the Iro parameter and stress-free
transformation strain of the equilibrium tetragonal phase,
respectively. If we assume that the matrix and precipitate have
the same elastic moduli, the total strain energy functional of an
arbitrary lro parameter field may be presented in the reciprocal
space in a close form:"

&)

E —l dSk B 2 2
el T 2 W (n)l{“ (r)}kl (4)

where

B(n) = C,-,'uﬁtz),(-’ﬁ(i? - niU(r')ijk(n)o-lzlnl (5

¢, 18 the elastic constant tensor, 0% = c¢,,,£%,n = k/kis a unit
vector in the reciprocal space and n; is the ith component
of m, Q,m) is a Green function matrix reciprocal to
Q' (m) = ¢c;,nn,, and

(M) = Jni(Re “dr

The singular branching point k = 0 is excluded from the inte-
gration in Eq. (4).

The nonlinear continuum TDGL equations for the concentra-
tion and lro parameter fields have the following forms:

de(r,t) , OF
i MY Sc(r,1) (6a)
dn(r,n) SF

dr dn(r,1) (6b)
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where M and L are material constants characterizing the diffu-
sional mobility and Iro kinetics, respectively, and F = F, + E,
is the total free energy including the strain energy contribution.
The variational derivatives 8F/8¢(r,t) and 8F/dvw(r,t) are the
thermodynamic driving forces for the relaxation of c(r,¢) and
7(r,t), which actually contain ail the information about the
microstructural evolution.

Using Egs. (2) and (4), we solve the coupled Eqs. (6a) and
(6b) numerically in the reciprocal space. Although the kinetic
model is formulated in a three-dimensional space, we use at this
stage a two-dimensional (2D) model system to save the compu-
tational time. It is equivalent to an assumption that all the con-
sidered particles are cylinders (of arbitrary-shaped cross
section) perpendicular to the 2D plane. A computational cell of
256 X 256 grids is considered. Periodic boundary conditions
are applied along both dimensions. The experimental data for
the elastic constants and lattice parameters of Mg-ZrO, at
1420°C given in Ref. 12 are used. They are ¢,, = 3.08 X 10
erg/em?, ¢, = 0.69 X 10" erg/em’, ¢,y = 0.36_X 10" erg/
em’, g, = 5.094 A, a, = 5.091 A, and ¢, = 5.204 A. The gradi-
ent coefficients o and B in Eq. (2) are assumed to be 0.2.
Reduced time is used in the simulation, which is defined in a
unit of typical relaxation time for the lro parameter, t, =
(L k1) ', 1.e., 1* = tft,. The ratio of M/L is chosen to be 0.4.

1. Results and Discussion

After nucleation, the sequence of morphological evolution
during decomposition can be divided into two stages: the
growth, where the equilibrium compositions and volume frac-
tions of coexisting phases are not yet attained, and coarsening,
where the two-phase patiern rearrangement occurs at fixed total
phase volumes and compositions under zero supersaturation.
The difference between these two stages is that the driving
force for the growth stage is determined by the volume-depend-
ent free energies including the bulk “chemical” free energy and
the strain energy, whereas the driving force for coarsening is
determined by the morphology-dependent interfacial energy
and the strain energy.

(1) Shape Evolution at Growth

The temporal shape evolution of the tetragonal precipitate
during growth is shown in Figs. 2(a—d) in terms of the concen-
tration field c(r,t). It is simulated by an initial configuration
consisting of a small equiaxed r-phase particle of equilibrium
composition and Iro parameter coherently embedded in a super-
saturated c-phase matrix of composition 0.115 (Fig. 2(a)). In
those figures and the following ones, completely dark regions
represent c(r,t) = c.,, which describes the equilibrium
c-phase, while completely white ones represent c(r,1) = ¢,
which describes the equilibrium f-phase. The c-axis of the
t-phase particle is directed along the [01] vertical direction. The
radius of the particle is equal to 8Ar, where Ar is the length of
the grid. To enlarge the tetragonal particle, only about 34% of
the 256Ar X 256Ar matrix which contains the tetragonal parti-
cle is shown in the pictures.

As the aging proceeds, a highly anisotropic growth is first
observed (Fig. 2(b)). For example, the particle grows much
faster along the [10] direction than the [01] direction that is par-
allel to the c-axis along which the lattice misfit is maximal. This
anisotropic growth results in a lenslike particle shape. Further
growth maintains this morphology; e.g., there is a self-similar-
ity between the particle shapes shown in Figs. 2(c) and (d).
However, if the supersaturation of the matrix vanishes (e.g., the
growth stage is over and the particle undergoes coarsening), a
gradual transformation from the lenslike shape (Fig. 2(d)) to a
faceted morphology (Fig. 2(¢)) occurs. This prediction is actu-
ally in a good agreement with the experimental observations by
Bateman and Notis.'? They have shown that in Y-Mg PSZ all
particles have a lenslike shape at the beginning of aging
(Fig. 2(b) in Ref. 12(a)) but most of them transform after 5 h of
aging into a faceted morphology (Fig. 6 in Ref. 12). It can be
readily seen from this simulation that a lenslike morphology is
mostly associated with the particle growth kinetics.

(2) Shape Changes during Coarsening

To examine the equilibrium particle shape during coarsening,
both the precipitate and matrix are assumed to have the equilib-
rium compositions and structures. We start from a circular

- | '
‘ ‘

Fig. 2. (a—d) Temporal shape evolution during the growth of a tetragonal particle embedded in a supersaturated cubic matrix. About 3'4% of the
computational cell is presented. (a—d) correspond to ¢* = 0, 20, 80, and 160, respectively (see text for the definition of £*). (e} Relaxed particle shape,

developed from (d), after the supersaturation of the matrix vanishes.
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t-phase particle of radius 30Ar. The diffusional relaxation of
the particle towards an equilibrium shape, determined by the
balance between the interfacial and strain energies, is described
by the coupled set of kinetic equations (6a) and (6&) for c(r,?)
and m(r,?). The balance between the interfacial and strain
energies which controls the equilibrium particle shape can be
expressed through a ratio

E, 1
L

£=% ™

el
where r, = y/A€? (v is the specific interfacial energy, and A
and g, are the typical elastic modulus and typical stress-free
transformation strain, respectively) is a material constant, and
L = VIS (V and § are the total volume and surface area of the
particle, respectively) is a typical length scale of the particle. In
2D, L = S/P, where P is the perimeter of the 2D particle. Equa-
tion (7) follows from a fact that E_ is proportional to interfacial
area, while E,, to volume. According to Eq. (7), there is a con-
tinuous decrease of £ as a particle grows in size and, thus, the
balance between the interfacial and strain energy shifts in the
direction of increasing the strain energy. As aresult, a change of
the equilibrium particle shape should be expected. Since it is
technically difficult to simulate a particle size growth due to
coarsening (it would require an increase of the computational
cell and time), a different but equivalent approach is used. For
example, we simulate the effect of particle size growth on its
shape by gradually increasing the magnitude of the strain
energy contribution at a constant particle volume. According to
relation (7), it will generate the same effect on the ratio, £, and
hence on the particle shape as increasing the particle volume
during its coarsening.

Figure 3 shows the dependence of the equilibrium particle
shape on & obtained as a result of shape relaxation during coars-
ening. In all the three cases examined, the particle forms a fac-
eted thombus. However, the detailed morphology of the
rhombus depends on £ For example, its facets and corers are
smoothly curved (Fig. 3(a)) when £ is high and become straight
and sharp as £ decreases (Figs. 3(b) and (c)). This shape change
is accompanied by an increase of the particle aspect ratio caused
by rotations of the facets. If the orientation of the facets is char-
acterized by an angle formed between the facets and the hori-
zontal direction,' it is shown that this angle changes from ~16°
to ~10° upon decrease of §. The latter number is very close to
the value 9.4° which follows from minimizing the function B(n)
in Eq. (5) with respect to the direction n. Qualitatively, similar
rotations of the particle habits during coarsening were also pre-
dicted by Hong et al.' for the tetragonal Fe (N, precipitates in
cubic a iron and by Bateman and Notis'? for tetragonal ZrO, in
cubic ZrO, from an energetic analysis which incorporates the
aspect ratio of a platelike precipitate into the elastic energy
calculations.

(a)
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The above simulation results suggest that when the inter-
facial energy is about the same order of magnitude as the strain
energy (it corresponds to early stages of coarsening when the
particles are small in size), the facets of a tetragonal particle
should be diffuse and the orientation of the facets may not cor-
respond to that predicted by the strain energy minimization. As
the particles grow to larger sizes, where the strain energy contri-
bution becomes dominant over the interfacial energy, more pro-
nounced facets should be expected and the facet orientation
could be predicted by the strain energy argument. We may call
this phenomenon strain-induced faceting. This prediction is
confirmed by the experimental observations by Bateman and
Notis."”” They observed a particle shape transformation from
“soft” (smoothly curved) to “hard” (straight) facet during coars-
ening in Mg-Y PSZ.

We can roughly estimate the specific interfacial energy for
Mg-PSZ by assuming that the simulated (Fig. 4(a), a reprint of
Fig. 3(b)), and experimentally observed (Fig. 4(b)) particles,
which are similar in shape and aspect ratio, have the same size.
Dividing the total interfacial energy of the particle in Fig. 4(a)
obtained from the computer simulation by its total surface area
(assuming that the particle has a unit length along the third
dimension), a value of 235 erg/cm? is obtained, which is of the
same order of magnitude as the value 150 + 50 erg/cm?
obtained by Lanteri ef al."' from a more rough estimation (from
the average aspect ratio of the experimentally observed parti-
cles under an assumption that the particles have a platelike
shape).

Fig.4. Comparison between the simulated (a) and experimentally
observed (b) (from Ref. 8) particle morphologies.

(b) (c)

Fig. 3. Equilibrium particle shape as a function of the interfacial-to-strain energy ratio £. (a) £ = 1.05, (b) £ = 0.72, (c) £ = 0.57. About 40% of the

computational cell is presented.
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(b)

Fig. 5.  Shape relaxation in a two-particle system, showing the effect of interparticle interaction on particle morphology. (a) initial configuration, (b)
relaxed equilibrium configuration. About 42% of the computational matrix is presented.

The simulation results presented above do not describe the
effects of strain-induced and diffusional multiparticle interac-
tions on the particle shapes, which are actually observed experi-
mentally.”? For this reason, the particles obtained in our
computer simulation are always symmetrical. A possible multi-
particle effect is illustrated in Fig. 5 for a particular case of two
interacting particles. The particles have initially a circular shape
and a radius of 20 Ar (Fig. 5(a)). It can be readily seen that the
evolution of the two-particle morphology leads to a structure
(Fig. 5(b)) which is substantially different from those obtained
in the single-particle system {e.g., Fig. 3(b)), even though the
particles in both systems have faceted shapes. This simulation
demonsirates that the interparticle interaction may play an
important role in determining the particle shapes in a dense
multiparticle system:.
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