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Abstract

We study the lattice dynamics of bismuth ferrite (BiFeO3) rhombohedral ferroelectric (R3c) using first-principles density functional
theory calculations and the direct force constant method. We determine the phonon dispersions, phonon density of states, and heat
capacity. Special attention is paid to the heat capacity at low temperature, at which the present phonon calculations show significant
deviations from the Debye-like T3 behavior until T 6 7 K. Based on the excellent agreement between the measured and calculated curve
shapes of the heat capacity we propose that no gapped magnon modes exist for BiFeO3 that contribute to the heat capacity of BiFeO3 in
the temperature range 5–30 K.
� 2011 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Bismuth ferrite (BiFeO3) is being extensively studied
[1–4] as a room temperature multiferroic material [5]. It
possesses high spontaneous electric polarization below
the ferroelectric Curie temperature (TC) of 1120 K and
exhibits antiferromagnetic order below the Néel tempera-
ture (TN) of 640 K.

Numerous experimental and theoretical works on BiFe-
O3 have been published in the literature in terms of zone
center phonon modes [6–11], polarization [12–14], heat
capacity [2,15–17], and magnetic phase transition [18–23].
However, as pointed out by Lu et al. [2], many experiments
suffer from effects such as impurity phases, magnetic
defects, or deviations from the ideal oxygen stoichiometry,
resulting in the observation of weak ferromagnetism and a
number of further magnetic or structural phase transitions
at low temperatures.

In general, an accurate determination of the heat capac-
ity as a function of temperature could help resolve the prob-
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lem of whether a magnetic phase transition has occurred. As
a fundamental property of a solid the heat capacity can pro-
vide the characteristic fingerprint of the electronic, mag-
netic, and superconductive properties and phase
transitions. This is especially true at low temperatures.
For instance, the contributions to the heat capacity of elec-
tron, magnon, and lattice vibrations are proportional to T,
T1.5, and T3, respectively [24]. Recently, detailed investiga-
tions of the heat capacity of high-quality single crystals of
R3c BiFeO3 have been reported from 2 K up to room tem-
perature by Lu et al. [2]. They found that no experimental
evidence was seen for spin glass ordering, and the absence
of anomalies in the temperature dependence of heat capac-
ity signals a lack of any structural or magnetic phase tran-
sitions below room temperature. Using the Debye T3 law
to analyze the low-temperature heat capacity data, Lu
et al. [2] proposed the existence of an anisotropy gap of
the magnon modes of the order of 6 meV.

However, it should be noted that many ferroelectric
materials [25–33] do not obey the predictions of the Debye
model until very low temperatures, which may reflect the
fact that the phonon density of states (DOS) (i.e. the vibra-
tion spectra) of real materials are more complex than the
rights reserved.
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Debye model assumption that x2 (the square of the pho-
non frequency) is proportional to the phonon DOS.
Accordingly, an accurate first-principles thermodynamic
calculation based on the phonon theory for the R3c phase
of BiFeO3 presents a unique opportunity for a proper
understanding of BiFeO3. However, the existing phonon
calculations [6,10,34–38] are either not for the ground state
R3c phase of BiFeO3 or just for the C point and, hence, did
not calculate the phonon dispersions and heat capacities
for the R3c phase.

In this work we report first-principles calculations of
phonons and the heat capacity for the ground state antifer-
romagnetic R3c phase of BiFeO3. The focus is on the heat
capacity at low temperatures. Our theoretical results indi-
cate that the interpretation of the measured thermal data
for high-purity samples [2] as being a result of “a magnon
gap” or “extra modes” is questionable.

The challenge in calculating the phonons of BiFeO3 is
the fact that BiFeO3 is a Mott–Hubbard insulator [16],
involving a polar effect of and strong correlation among
the d electrons of Fe. The polar effect [39] results in splitting
between the longitudinal optical (LO) and transverse opti-
cal (TO) phonon modes. In this work we treat the polar
effect using a mixed space approach [40,41] and the strong
correlation using the Dudarev DFT+U method [42].

2. Direct approach to phonons of polar materials

The present work adopts the direct method to obtain the
phonon frequencies, i.e. the inter-atomic force constants
are directly calculated in real space using a supercell. Since
R3c BiFeO3 is a polar material, it is important to properly
treat the contribution of the non-analytical term which
results in LO–TO splitting. Recently we have shown that
using a mixed space approach it is possible to accurately
determine [40,41] the phonon frequencies of polar materials
without fitting parameters. The mixed space approach
solved the long-standing problem within the direct
approach in calculating the contribution of long-range
dipole–dipole interactions. The real space force constant,
Ujk

ab, between atom j in the primitive cell M and atom k

in the primitive cell P can be expressed as

Ujk
abðM ; P Þ ¼ /jk

abðM ; PÞ þ 1

N
~Djk

abðna; q ! 0Þ ð1Þ

where /jk
ab is the contribution from short-range interac-

tions, N the number of primitive unit cells in the supercell,
and ~Djk

abðna; q ! 0Þ is the contribution from long-range
interactions, i.e. the so-called non-analytical part of the
dynamical matrix in the limit of zero wave vector q.
According to Cochran and Cowley [39]

~Djk
abðna; q ! 0Þ ¼ 4pe2

V

½q � Z�ðjÞ�a½q � Z
�ðkÞ�b

q � e1 � q

����
q ! 0

ð2Þ

where V is the volume of the primitive unit cell, q is the
wave vector, a and b are the Cartesian axes, Z*(j) is the
Born effective charge tensor of the jth atom in the primitive
unit cell, and e1 is the high-frequency static dielectric ten-
sor, i.e. the contribution to the dielectric permittivity tensor
from the electronic polarization [43]. Therefore, the
dynamical matrix ~Djk

abðqÞ can be straightforwardly calcu-
lated by the Fourier transformation [44]:

~Djk
abðqÞ ¼

1
ffiffiffiffiffiffiffiffiffiljlk
p

1

N

X

M ;P

Ujk
abðM ; P Þ expfiq � ½RðPÞ � RðMÞ�

ð3Þ
where lj is the atomic mass of the jth atom in the primitive
unit cell and R(P) is the position of the Pth primitive unit
cell in the supercell.
3. Computational details

The primitive unit cell of R3c BiFeO3 contains 10 atoms
[2]. We treat the spins of the two Fe atoms as anti-parallel
in the primitive unit cell so that it preserves the
antiferromagnetic order with G-type spin configuration.
For first-principles static calculations at 0 K, we employ
the projector-augmented wave (PAW) method [45,46]
together with the Dudarev DFT+U method [42] imple-
mented in the Vienna ab initio simulation package (VASP,
version 5.2). The calculated results using the Dudarev
DFT+U approach only depend on the difference U–J.
The proper choice of the value of U–J is dependent on
the properties to be calculated. Neaton et al. [12] tested
U–J = 0, 2, and 4 eV in their local spin density approxima-
tion (LSDA) plus U calculation and found U–J = 2 is good
for the electronic and magnetic properties. In comparison,
Kornev et al. [47] found U–J = 3.8 eV is best in developing
their effective Hamiltonian scheme to study the finite tem-
perature properties of BiFeO3 within LSDA+U. By experi-
ence, large values for U–J are preferable when calculating
phonon properties of strongly correlated systems.
[16,41,48–50] Therefore, we use U–J = 6.0 eV for the d

orbital of Fe. The exchange correlation functional of the
generalized gradient approximation (GGA) [51] is
employed in all calculations. Although the calculated local
magnetic moment for the Fe atom is 4.26 lB. which is
somewhat larger than the experimental value of 3.75 lB

from Sosnowska et al. [52], the calculated band gap with
U–J = 6.0 eV is 2.46 eV which is in good agreement with
the experimental value of 2.5 eV measured by Gao et al.
[53] and 2.75 eV measured by Ihlefeld et al. [54]. In com-
parison, the calculated local magnetic moment for the Fe
atom is 3.8 lB and the calculated band gap is 1.3 eV in
Neaton et al. [12] with U–J = 2 eV within LSDA+U. To
calculate the Born effective charge tensor we employ the
linear response approach implemented in VASP 5.2 by
Gajdos et al. [55] The 0 K static calculations are conducted
at five volumes near the equilibrium. At each volume both
cell shape and internal atomic positions are optimized with
a C-centered 11 � 11 � 11 k mesh, an energy cut-off of
500 eV, and a total energy convergence threshold of
10�8 eV. In calculating the real space force constants we
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use the linear response approach together with 80 atom
2 � 2 � 2 supercells, a C-centered 5 � 5 � 5 k mesh, and
an energy cut-off of 400 eV. To obtain smooth phonon
DOS sampling of the q space is made using a
100 � 100 � 100 mesh, which results in 30,000,000 phonon
frequencies.

4. Results and discussion

The calculated structural parameters of R3c BiFeO3 are
collected in Table 1, together with the experimental data
[13] and results of previous calculations [12,56]. They are
expressed using the rhombohedral cell, including the
Wyckoff positions, the length of the rhombohedral axis,
rhombohedral angle, and the unit cell volume.

The Born effective charge tensors for the individual
atoms and the high-frequency static dielectric tensor of
R3c BiFeO3 are shown in Table 2. These data are the
inputs to Eq. (2) to determine the non-analytical term to
the phonon frequencies. Our calculated Born effective
charges are 10–20% larger than those of Neaton et al.
[12] because we have used a larger U–J value (6.0 vs.
2.0 eV). It should be mentioned that different U–J values
Table 1
Calculated and measured structural parameters of R3c BiFeO

Atom Coordinate GGA+Ua

Bi x 0

Fe x 0.221

O x 0.535
y 0.940
z 0.394

arh (Å) 5.667
a (�) 59.17
X (Å3) 126.3

The Wyckoff positions are Bi(x, x, x), Fe(x, x, x), and O(x, y,
the length of the rhombohedral axis, the rhombohedral angle

a Results of the present GGA+U calculation.
b Results of the local spin density approximation (LSDA) p
c Results of the GGA calculation of Ravindran et al. [56].
d Room temperature values of Kubel and Schmid [13].

Table 2
Calculated Born effective charge tensors for the Wyckoff positions of Bi(x, x, x

(e1) of R3c BiFeO3.

xx yy zz xy

Bi(0, 0, 0) 4.913 4.913 4.349 �0.26
Bi(0.5, 0.5, 0.5) 4.913 4.913 4.349 0.26
Fe(0.721, 0.721, 0.721) 3.897 3.897 3.573 0.07
Fe(0.221, 0.221, 0.221) 3.897 3.897 3.573 �0.07
O(0.940, 0.394, 0.535) �2.633 �3.241 �2.641 �0.25
O(0.535, 0.940, 0.394) �3.216 �2.658 �2.641 �0.29
O(0.394, 0.535, 0.940) �2.963 �2.911 �2.641 0.23
O(0.894, 0.4400.035) �2.963 �2.911 �2.641 �0.23
O(0.440, 0.035, 0.894) �2.633 �3.241 �2.641 0.25
O(0.035, 0.894, 0.440) �3.216 �2.658 �2.641 0.29
e1 7.540 7.540 6.892 0
have often been used by different authors [10,50,57]. Never-
theless, the effect of the choice of U–J on the heat capacity
is not significant.

4.1. Phonon spectra

In Fig. 1 we show the calculated phonon dispersions
along the direction of A–C–R–D–C for R3c BiFeO3 at
0 K. For a polar material the longitudinal optical phonon
frequencies are dependent on the directions of approach
to the C point, as seen from Fig. 1 from the intersection
of the A–C and C–R dispersions. This behavior can be
derived from Eq. (2) (for more details see Cochran and
Cowley [39]). For experimental data only C point data
are available. In Fig. 1 we have chosen to compare our cal-
culated phonon frequencies at C point with the experimen-
tal infrared longitudinal and transverse optical phonon
frequencies measured at 20 K by Kamba et al. [58] (as cited
by Hermet et al. [35]). In the vicinity of the C point slightly
imaginary phonon modes, i.e. unstable phonon modes with
phonon frequencies smaller than 0, are found along one of
the acoustic dispersions due to numerical errors. Increasing
the supercell size could solve the problem. However,
3.

LSDA+Ub GGAc Experimentald

0 0 0

0.227 0.223 0.221

0.542 0.534 0.538
0.943 0.936 0.933
0.397 0.387 0.395

5.52 5.697 5.634
59.84 59.24 59.35
118.3 128.5 124.6

z) using the rhombohedral system. arh, a, and X represent
, and the unit cell volume, respectively.

lus U calculation of Neaton et al. [12].

), Fe(x, x, x), and O(x, y, z) and the high-frequency static dielectric tensor

xz yx yz zx zy

4 0 0.264 0 0 0
4 0 �0.264 0 0 0
0 0 �0.070 0 0 0
0 0 0.070 0 0 0
2 0.618 �0.041 �0.168 0.667 �0.288
6 �0.163 �0.085 0.619 �0.084 0.722
1 �0.454 0.442 �0.452 �0.583 �0.434
1 0.455 �0.442 �0.452 0.583 �0.434
3 �0.618 0.041 �0.168 �0.667 �0.288
6 0.164 0.085 0.619 0.084 0.722

0 0 0 0 0
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Fig. 1. Phonon dispersions of BiFeO3. The solid lines represent the
present calculations, the open circles and solid diamonds (red) are the
experimental IR longitudinal and transverse optical phonon frequencies,
respectively, measured at 20 K by Kamba et al. [58] (as cited in Hermet
et al. [35]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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increasing the supercell size will result in unaffordable com-
puting resource costs. Nevertheless, the effects of these
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Fig. 2. (a) The calculated phonon DOS of BiFeO3 where the solid, dashed
(red), dotted (green), and dot-dashed curves (blue) represent the total
phonon DOS and the partial phonon DOS due to Bi, Fe, and O,
respectively. (b) The calculated generalized phonon DOS of BiFeO3. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
slightly imaginary phonon modes on the calculated phonon
DOS are found to be negligible. This is demonstrated by
the plot of phonon DOS in Fig. 2a, showing that the imag-
inary phonon modes (the region in which the frequency is
smaller than 0) are barely visible in the scale of Fig. 2a.

In Fig. 2a we also plot the calculated partial phonon
DOS of Bi, Fe, and O atoms, together with the total pho-
non DOS at 0 K using the theoretically obtained static
equilibrium geometry. The major findings are that: (i) three
gaps are seen in the phonon DOS around the frequencies
3.7, 11.6, and 15.9 THz; (ii) below 4 THz the phonon
DOS almost completely originates from vibrations of the
bismuth atoms, implying that the low-temperature thermo-
dynamic properties of BiFeO3 are dominated by bismuth;
(iii) in the range 4–10 THz the phonon DOS are mainly
from mixed vibrations of the iron and oxygen atoms; (iv)
above 10 THz the phonon DOS is almost entirely from
vibrations of the oxygen atoms.

It is known [59] that in most inelastic neutron measure-
ments the directly measured feature is the neutron
cross-section weighted phonon DOS. For the purposes of
prediction and comparison with future experiments in
Fig. 2b we plot the calculated generalized phonon DOS
[59], i.e. where ri, Mi, and pDOSi represent the atomic scat-
tering cross-section [60], the atomic mass, and the partial
phonon DOS with i = Bi, Fe, or O, respectively. While
the phonon DOS in the low-frequency region are domi-
nated by Bi, rBi/MBi = 0.044 is much smaller than the
values of 0.208 for Fe and 0.265 for O. Therefore, the
generalized DOS in the low-frequency region is greatly
reduced compared with the phonon DOS.

4.2. Heat capacity

Fig. 3 plots the calculated heat capacity together with
the available experimental data [2,4,15,17]. Our results
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Fig. 3. Heat capacities of BiFeO3. The solid line is the calculated isobaric
heat capacity (C). The open circles, open triangles (red), open nablas
(green), and solid diamonds (blue), represents the measured data from Lu
et al. [2], Phapale et al. [15], Amirove et al. [4], and Chen et al. [17],
respectively. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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agree well with the measured data of Lu et al. [2]. In ana-
lyzing the thermal properties of dielectric materials [25–33]
it is useful to plot the heat capacity data as C/T3 (C is the
heat capacity) vs. temperature [61]. According to the Debye
T3 law [24] the lattice vibration contribution to C/T3

should approach a constant at low temperatures, and hence
C/T3 vs. T plots can be employed to determine whether
there are other contributions (magnetic, electronic, etc.)
to the heat capacity. However, an important question is
what can be considered “low temperature” in the Debye
T3 law. For example, the lattice contributions to the heat
capacity due to optical phonons can easily be misinter-
preted as due to other contributions [61]. It is known that
the contributions due to optical phonons do not obey the
Debye T3 law.

Lu et al. made very detailed analyses of their measured
data in the low-temperature region based on C/T3 vs. T

plots. They found that a pure T3 phonon term does not
provide a satisfactory fit to their low-temperature heat
capacity, and they attributed the deviation from the C/T3

law to gapped magnon modes. However, our first-princi-
ples phonon calculations seem to suggest a different reason
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Fig. 4. (a) The calculated (CV(x), solid line) C/T3 together with the
measured C/T3 from Lu et al. [2] (open circles) for BiFeO3. (b) The specific
contributions to the heat capacity at 5 K. The solid, dashed (red), dotted
(green), and dot-dashed curves (blue) represent the total contribution and
the partial contributions due to Bi, Fe, and O, respectively. (For
interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
for the deviation of C/T3. We compare our calculated C/T3

data with the measured values of Lu et al. in Fig. 4a. The
calculated and experimentally measured C/T3 data have
maxima at �18 K and �15 K, respectively. Such maxima
often occur in measured heat capacity measurements [25–
33]. Indeed, we find that the shape of our calculated C/T3

curve follows the measured C/T3 of Lu et al. rather well.
Consequently, we conclude that the C/T3 deviation is due
to the fact that the pure phonon contribution to the heat
capacity for BiFeO3 does not follow the Debye T3 law
above 7 K. Such deviations from the Debye T3 law have
been observed for many ferroelectric materials [25–33], as
was pointed out by Burns [25] in 1980. We therefore sug-
gest that no gapped magnon modes exist that can affect
the heat capacity of BiFeO3 in the temperature range
5–30 K. As for the numerical difference between our calcu-
lation and the measurements by Lu et al., we tentatively
attribute it to traces of gapless magnons of an isotropic
antiferromagnet.

In Fig. 4b we make a more detailed analysis of the spe-
cific contributions to the heat capacity at T = 5 K as a
function of phonon frequency by atom type. We find that
bismuth exclusively dominates the low-temperature lattice
heat capacity. Furthermore, the contributions to the heat
capacity are dictated by the phonon modes in the �0–
1 THz frequency region at 5 K.
5. Conclusions

In summary, we have presented first-principles phonon
calculations for BiFeO3 (R3c), including the phonon
DOS, generalized phonon DOS, and heat capacity. We find
that a pure phonon model can describe the curve shape of
the heat capacity at low temperature. We show that it is not
necessary to introduce an exponential term, mimicking the
contribution of an anisotropy gap of the magnon excita-
tions, in describing the temperature dependence of heat
capacity for BiFeO3 at low temperatures. We propose that
no gapped magnon modes exist for BiFeO3 that contribute
to the heat capacity of BiFeO3 in the temperature range 2–
30 K.
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