
Acta mater. 49 (2001) 2341–2353
www.elsevier.com/locate/actamat

A THREE-DIMENSIONAL PHASE-FIELD MODEL FOR
COMPUTER SIMULATION OF LAMELLAR STRUCTURE

FORMATION IN γTiAl INTERMETALLIC ALLOYS
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Abstract—A three dimensional phase-field model of a�
2→a2 + g transformation is developed to simulate the

formation of coherent multi-domain lamellar structures in γTiAl intermetallic alloys. The model takes into
account the effect of coherency strain associated with the lattice rearrangement accompanying the phase
transformation, and the anisotropy in interfacial energy. Simulation studies based on the model successfully
predicted the essential features associated with the multi-domain lamellar structures observed experimentally.
It is shown that the coherency strain accommodation is the dominating factor responsible for the formation
of the lamellar structure. The neighboring lamellae of γ phase are found to have either a twin or a pseudo-
twin relationship, with the former being dominant. It is found that strain-induced correlated nucleation plays
an important role in the formation of the twined lamellae. The lamellar thickness is determined by the
interplay among the elastic strain energy, interfacial energy and bulk chemical free energy. Domains within
individual lamellae are isotropic and domain boundaries are smoothly curved. No special self-accommodating
morphological patterns are observed on the (0001)a2 plane, which is very different from the pattern formation
predicted for the coherent hexagonal → O-phase transformations.  2001 Acta Materialia Inc. Published by
Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

γTiAl intermetallic alloys are the leading candidates
for a new generation of high-temperature structural
materials for applications in aerospace and auto-
mobile industries because of their high specific mech-
anical strength and good resistance to environmental
attack at high temperatures [1–4]. However, the rela-
tively poor ductility and fracture toughness of the sin-
gle-phase γTiAl alloys have been the main obstacles
for their practical applications. Recent interest has
been focusing on Ti-rich two-phase
α2(Ti3Al)+γ(TiAl) alloys that contain a small amount
of α2 phase, forming a typical self-accommodating
lamellar structure [5]. Typically the lamellar structure
consists of twin- or pseudo-twin-related γ(L10) orien-
tation variants and α2(DO19) phase with the orien-
tation relationship of {111}g//(0001)a2 and
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�11̄0>g//�112̄0>α2 [6]. Such a multi-phase and
multi-domain lamellar structure is what gives the
alloys their outstanding combined properties of high-
temperature strength and room-temperature ductility
[7], but the processing routes and heat treatment are
still largely empirical and, as a result, a particular
lamellar structure cannot be produced in a controlled
fashion. The main objective of this paper is to
develop a computer model of phase transformation
and microstructural evolution in two-phase γ+α2

alloys which could allow detailed studies of lamellar
thickness, domain size, and statistical distribution of
lamellar and domain dimensions (all of which are
known to have a direct effect on the mechanical
properties [8, 9]) as functions of materials and pro-
cessing parameters.

Even though recent advances in the theory of
coherent transformations and corresponding computer
modeling (see, e.g. Refs. [10–12]) have successfully
predicted some of the interesting collective morpho-
logical patterns and kinetic phenomena, most studies
deal with simple crystal lattice rearrangement such as
cubic → cubic or cubic → tetragonal transformations.
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Most of the simulations, to date, have been conducted
in two-dimensions (2D). There is a large class of
technologically important materials where phase
transformations are far more complex and the basic
microstructural features cannot be simulated in 2D.
The Ti–Al system is a typical example, where the
multi-domain lamellar structure is produced by multi-
mode (diffusional and displacive) transformations
where a high temperature disordered hexagonal (A3)
phase decomposes into two ordered phases: DO19

(hexagonal) and L10 (face-centered tetragonal). To
the best of our knowledge, no computational model
is available to describe the microstructural develop-
ment in this system.

In this paper, we develop a 3D phase-field model
for the formation and dynamic evolution of lamellar
structures in two-phase γTiAl alloys. In dealing with
the multi-mode transformation dominated by elastic
interactions taking place in the system, the phase-field
method offers several advantages over the others (see
Refs. [12, 13] for recent reviews). For example, the
two physically distinctive transformation modes, i.e.
the diffusional and displacive atomic rearrangement
modes, can be effectively described with two types
of field variables: a concentration field which
describes the composition inhomogeneity and struc-
tural order parameter fields which characterize crystal
symmetry changes. Their mutual interaction
(nonlinear coupling) can be described by a non-equi-
librium free energy formulated as a function of these
fields. The long-range elastic interactions arising from
the lattice misfit between the low-symmetry phase
γ(L10) and the high-symmetry phase α2(DO19), as
well as among the various orientation variants of the
γ phase can be taken into account conveniently by
incorporating the elastic strain energy, formulated
also as a function of the field variables, into the total
free energy. The formation and dynamic evolution of
arbitrary multi-domain morphologies during
nucleation, growth and coarsening can be described
with a single, consistent methodology with most of
the input parameters based on the available experi-
mental data.

In the following sections, we will first summarize
the major experimental observations on the phase
transformation path and crystallography of the trans-
formation, upon which the stress-free transformation
strain, elastic energy, chemical free energy and kin-
etic equations are formulated. Computer simulation
techniques are introduced in Section 2 and simulation
results are discussed in Section 3. Major results are
summarized in Section 4.

2. PHASE TRANSFORMATION PATH IN gTiAl AND
ITS DESCRIPTION BY A PHASE-FIELD MODEL

2.1. Phase transformation path leading to the
lamellar structure

Extensive experimental efforts have been made in
the past decades (see Ref. [14] and references therein)

to characterize the crystallography of the phase trans-
formation and microstructural development in γTiAl-
based intermetallic alloys. The parent phase α has a
disordered hcp structure. One of the equilibrium pro-
duct phases, α2, has an ordered hcp (DO19) structure,
while the other product phase, γ, has an ordered fct
(L10) structure. It has been well established that the
lamellar structure does not occur through eutectoid
reaction but results from the precipitation of γ lamel-
lar in either a disordered α or a congruently ordered
α2� matrix, following one of the following two trans-
formation paths: (1) α→α2�→α2+γ (α2� and α2 have
the same crystal structure but different composition)
or (2) α→α2+γ [14]. The exact transformation path
depends on the composition and heat treatment of the
alloy. In view of the fact that the microstructures
developed following the above two paths are very
similar, one can simply focus on one reaction. This
is because the α→α2� congruent ordering does not
alter the major characteristics of the microstructure
[14]. In this paper we focus on the decomposition
process of α2�→α2+γ. The possible effect of anti-
phase domains and anti-phase domain boundaries in
the congruently ordered α2� phase on the precipitation
of γ lamellae will be investigated in a separate paper.

2.2. Crystallography of phase transformation in
gTiAl and the stress-free transformation strain (SFTS)

According to the experimental observations [14],
the formation of the lamellar structures involves sim-
ultaneously the following processes: (1) a crystal
structure rearrangement from hcp type to fcc type; (2)
a chemical composition change; and (3) ordering
reactions from A3 to DO19 in the hcp lattice and from
A1 to L10 in the fcc lattice. The hcp→fcc structure
change can be accomplished simply by a combination
of �112̄> (111)fcc shuffling along (111)fcc planes, pro-
ducing a homogeneous isotropic strain in the
(111)fcc planes and a change in d-spacing along
[111]fcc directions, like the martensitic transformation
in Co [10]. For the α2�→α2+γ transformation in
γTiAl, however, such a homogeneous shuffling is
impossible because of the lack of three-fold sym-
metry of the L10 phase as compared to the fcc phase.
According to the orders of the parent point group and
the intersection group of the parent and product
phases, and the orientation relationships mentioned
above, the α2�→α2+γ transformation results in six
orientation variants of the γ phase, which has been
confirmed by experimental observations (see, e.g.
Ref. [7] and references therein). The six variants form
three twin-related pairs and can be described by
shears along ±[1100]α2, ±[1010]α2, ±[0110]α2 on
(0001)a2. Following Grinfeld et al. [15], these three
pairs of variants are labeled as (γ0, γ180), (γ120, γ300),
and (γ240, γ60), according to their anti-clockwise
rotation with respect to variant γ0.

For convenience we formulate the SFTS in two
steps: (a) shears along �1010>α2 which accomplish
the stacking sequence change associated with the



2343WEN et al.: LAMELLAR STRUCTURE FORMATION IN γTiAl INTERMETALLIC ALLOYS

Fig. 1. (a) Schematic illustration of the six shear modes; (b)
Displacement associated with u +

1 , other displacements can be
obtained by simple coordinate transformations.

hcp→fcc transition, leading to γ phase; (b) lattice dis-
tortion in the (111)fcc planes and a change in d-spac-
ing along [111]fcc direction associated with the L10

ordering of the γ phase. If we take the α2/α2� phase
as a reference state and set the x1, x2, and x3-axis par-
allel to the [1120]α2, [1100]α2, and [0001]a2, respect-
ively, the displacements produced by the shears are
(the six shear modes are schematically illustrated in
Fig. 1(a) and the shear process associated with u1

+ is
shown in Fig. 1(b)):

u +
1 = 0, s x3, 0 u�

1 = 0, �s x3, 0

u +
2 = �√3s x3/2, �s x3/2, 0 u�

2 = √3s x3/2, s x3/2, 0

u +
3 = √3s x3/2, �s x3/2, 0 u�

3 = �√3s x3/2, s x3/2, 0

where s is the shear magnitude which is approxi-
mately equal to 1/(2√2). The SFTS tensor u corre-
sponding to the above displacements can be obtained
via [16]

uik =
1
2�∂ui

∂xk

+
∂uk

∂xi

+
∂ul

∂xi

∂ul

∂xk
�,

which yields

u + (1) = �0 0 0

0 0 s/2

0 s/2 s2/2�,

u�(1) = �0 0 0

0 0 �s/2

0 �s/2 s2/2 �;

u + (2) = � 0 0 �√3s/4

0 0 �s/4

�√3s/4 �s/4 s2/2 �, (1)

u�(2) = � 0 0 √3s/4

0 0 s/4

√3s/4 s/4 s2/2 �;

u + (3) = � 0 0 √3s/4

0 0 �s/4

√3s/4 �s/4 s2/2 �,

u�(3) = � 0 0 �√3s/4

0 0 s/4

�√3s/4 s/4 s2/2 �.

The misfit strain associated with the tetragonalty of
γTiAl can be described by the following

�1 = ���� 0 0

0 2�/3��� 0

0 0 0�,

�2 = ��/2��� √3�/6 0

√3�/6 �/6��� 0

0 0 0�, (2)

�3 = ��/2��� �√3�/6 0

�√3�/6 �/6��� 0

0 0 0�
where �1, �2 and �3 are associated with the three pairs
of twin-related variants respectively. � = (cg/ag�1)
and �� = (aa2�√2ag)/aa2 is the largest mismatch
between α2 and γ [15]. It should be pointed out that
the above misfit strain are exactly the same as those
formulated by Grinfield et al. [15]. The only differ-
ence is that they have chosen γ0 as the reference sys-
tem but in our case the reference system is the α2

phase. Our choice is more convenient for the descrip-
tion of the phase transformation a�2→a2 + g. The
elastic strain associated with the mismatch between
the d-spacing between adjacent (111)g and (0001)a2

close-packed planes is v�2√2s(1��� + e/3)�1. Tak-
ing all these into consideration, the corresponding
SFTS for the six variants can be expressed as

�°(1) = ���� 0 0

0 2�/3��� s/2

0 s/2 s2/2 + v�,

�°(2) = ���� 0 0

0 2�/3�e� �s/2

0 �s/2 s2/2 + v�;
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�°(3) = ��/2��� √3�/6 �√3s/4

√3�/6 �/6��� �s/4

�√3s/4 �s/4 s2/2 + v�, (3)

�°(4) = ��/2��� √3�/6 √3s/4

√3�/6 �/6��� s/4

√3s/4 s/4 s2/2 + v�;

�°(5) = � �/2��� �√3�/6 √3s/4

�√3�/6 �/6��� �s/4

√3s/4 �s/4 s2/2 + v�,

�°(6) = � �/2��� �√3�/6 �√3s/4

�√3�/6 �/6��� s/4

�√3s/4 s/4 s2/2 + v�
The above six variants correspond to γ0, γ180, γ120,
γ300, γ240, γ60, respectively. They can be divided into
three pairs, (1, 2), (3, 4), and (5, 6), two variants in
each pair will form twin when they come into contact
along [0001]a2 while two variants from different pairs
will form pseudo-twin.

2.3. Mathematic description of the a2�→a2+g phase
transformation by a phase-field model

In the phase-field method, an arbitrary multi-phase
and multi-domain microstructure with compositional
and structural heterogeneties is characterized by a set
of continuum field variables. As has been discussed
earlier, the precipitation of γ from α2� produces six
orientation variants of the γ phase. In the phase-field
approach, the spatial distribution of the six orientation
variants can be described by introducing six structural
order parameter fields.

h1(r,t), h2(r,t), …, h6(r,t)

where t is time and r is the spatial coordinate vector.
Each of these six structural order parameter fields
assumes a non-zero value, say ±h0, within a particular
domain and vanishes within the α2/α2� phase and
other domains. The h→�h transition describes rigid-
body translation leading to anti-phase domains. The
composition variation among the coexisting phases
can be characterized by a concentration field, c(r,t).
We note that the anti-phase domains within the α2�/α2

phase are ignored in this formulation for simplicity.
The spatio-temporal evolution of these field vari-

ables completely defines the evolution of an arbitrary
microstructure, including the shape, size, and spatial
distribution of all the constituent phase/orientation
variants and anti-phase domains. The temporal evol-
ution of the structural order parameters can be

obtained by solving the time-dependent Ginzburgh–
Landau equation

∂hp(r,t)
∂t

= �L
dF
dhp(r,t)

+ xp(r,t); p = 1,2,…,6.

(4)

while the temporal evolution of the concentration
field can be described by the non-linear Cahn–Hilli-
ard diffusion equation

∂c(r,t)
∂t

= M�2
dF
dc(r,t)

+ z(r,t); (5)

where L and M are kinetic coefficients characterizing
structural relaxation and diffusional mobility; F the
total free energy of the system under consideration,
xp(r,t) and z(r,t) are Langivin random noise terms
which are related to thermal fluctuations in the struc-
tural order parameter and composition, respectively.
They are assumed to be Gaussian distributed and their
correlation properties meet the requirements of the
fluctuation-dissipation theorem [17]. The Langivin
noise terms allow homogeneous nucleation leading a
system from a metastable state to a stable state. In
this study, only homogeneous nucleation is con-
sidered. Heterogeneous nucleation of γ phase on
stacking faults will be considered in a separate paper.

2.4. Thermodynamic description of the phase trans-
formation: formulation of chemical free energy and
elastic strain energy

The total free energy, F, in equations (4) and (5)
defines the thermodynamic features of the phase
transformation. In the phase-field approach, the total
free energy is formulated as a functional of the field
variables. For a coherent phase transformation [10],
the total free energy should consist of two terms: the
chemical free energy (Fch) and the elastic strain
energy (Eel), i.e. F = Fch + Eel.

The non-equilibrium chemical free energy as a
function of the field variables can be approximated
by the Ginzburg–Landau coarse-grained free energy
functional, which contains a local specific free
energy, f(c,h1,h2,…,h6), and gradient energy terms,
e.g.

Fch = �
V
�1

2
r(�c)2 +

1
2�

i,j,p

l(p)
ij �∂hp

∂ri
��∂hp

∂rj
� (6)

+ f(c,h1,h2,%,h6)	dV

where r and l(p)
ij are gradient energy coefficients. The

integration in equation (6) is carried out over the
entire system volume V. As usual, the gradient terms
in equation (6) provide an energy penalty to inhom-
ogeneities in composition and structural order para-
meter fields which take place mainly at interfaces.
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The local specific free energy f(c,h1,h2,%,h6) in equ-
ation (6) defines the basic thermodynamic properties
of the system. It can be approximated either by a
Bragg-William type of mean-field model or by a Lan-
dau type polynomial expansion. In this paper, the lat-
ter is adopted and a simple polynomial is employed,

f(c,h1,h2,%,h6) =
A1

2
(c�c1)2 +

A2

2
(c2�c)�6

p = 1

h2
p

�
A3

4 �6

p = 1

h4
p +

A4

6 ��
6

p = 1

h2
p�3

, (7)

where c1 and c2 are constants close to the equilibrium
compositions of the α2 and γ phases, respectively. A1

to A4 are positive constants which should be chosen
to fit the local specific free energy based on available
experimental data. Minimization of the local specific
free energy given in equation (7) with respect to both
composition and structural order parameters yields a
two-phase equilibrium with six orientation variants of
the γ phase because the free energy functional has six
degenerated minima corresponding to the six orien-
tation variants.

According to the elasticity theory of multi-phase
coherent solids developed by Khachaturyan [10], in
the homogeneous modulus approximation, the elastic
strain energy Eel generated by an arbitrary concen-
tration or structure heterogeneity can be presented as
a close-form functional of concentration and struc-
tural order parameter fields. In the case where the
strain is predominantly caused by the structural order
parameter field heterogeneity, the stress-free strain
can be expanded with respect to the structural order
parameter. As the h→�h transition does not change
the macroscopic stress-free strain, the first non-van-
ishing term of the expansion is of second order in

hp(r), i.e. �ij°(r) = �6

p = 1

h2
p(r)�ij°(p), where the tensor

�°(p) is the SFTS tensor of orientation variant p of
the g phase when the corresponding order parameter
assumes its equilibrium value, i.e. h2

p(r) = 1. Follow-
ing our previous work (see [18–20] and references
therein), the elastic strain energy can be expressed as

Eel =
V
2

Cijkl�̄ij�̄kl�VCijkl�̄ij�6

p = 1

�kl°(p)h2
p(r)

+
V
2

Cijkl�6

p = 1

�6

q = 1

�ij°(p)�kl°(q)h2
p(r)h2

q(r) (8)

�
1
2�

6

p = 1

�6

q = 1



d3g

(2p)3Bpq(n){h2
p(r)}∗

gh2
q(r)}g

where [(…—)] represent the volume average of (…); V
the total volume of the system; Cijkl the elastic moduli
tensor; and � the elastic strain tensor. Bpq(n) is a two-
body interaction potential given by

Bpq(n) = nis°
ij(p)�jk(n)s°

kl(q)nl (9)

where n = g/g is a unit vector in reciprocal space and
ni is its ith component, s°

ij(p) = Cijkl�
°
kl(p) and �ij(n) is

a Green function tensor which is inverse to the tensor

��1
ij (n) = Cikljnknl, {h2

q(r)}g = � d3g
(2p)3h

2
q(r)exp(�ig•r)

is the Fourier transform of h2
q(r) and {h2

p(r)}∗
g is the

complex conjugate of {h2
p(r)}g

The first two terms on the right hand side of the
above equation describe the elastic energy due to a
homogeneous deformation. The third term describes the
elastic energy associated with deforming the stress-free
product phase back into its geometrical shape before
the transformation and the last term describes the het-
erogeneous relaxation of the precipitates which does
not produce any macroscopic shape change but affect
the shape, size and spatial distribution of the product
phase. Please note that the integration has to be carried
out over the first Brillouin zone where a volume of
(2π)3/V about g = 0 is excluded from the integration.
In this work, the macroscopic homogeneous strain �̄ij

is assumed to be zero which corresponds to a system
of a single grain embedded in a polycrystalline
material. As a result, the first two terms vanish. It
should be noted that incoherency is not considered in
the elastic energy calculation.

2.5. The explicit forms of the kinetic equations and
input parameters

Substituting the chemical free energy [equation (6)]
and the strain energy [equation (8)] into the kinetic
equations (4) and (5), the explicit form of the equa-
tions can be obtained:

∂hp(r,t)
∂t

= �L�� �3

i,j = 1

l(p)
ij

∂2hp(r,t)
∂ri∂rj

+
∂f

∂hp(r,t)
+

δEel

δhp(r,t)� + xp(r,t)

∂c(r,t)
∂t

= M�2��r�2c(r,t) +
∂f

∂c(r,t)� + z(r,t). (10)

For the convenience of numerical solution, the kinetic
equations are transformed into dimensionless form
through the introduction of a reduced time, defined
as t = L��f�t, and reduced spatial coordinates, defined
as ui = xi/l. In these definitions, ��f� is the chemical
driving force for the phase transformation under con-
sideration and l is the length unit of the computational
grid size. Substituting these reduced variables into
equations (6), (7) and (8), we get the dimensionless
form of the kinetic equations:

∂hp(u,t)
∂t =

��� �3

i,j = 1

b(p)
ij

∂2hp(u,t)
∂ui∂uj

+
∂fa

∂hp(u,t)
+ f

δEel�

δhp(u,t)�
+ xp�(u,t) (11)

∂c(u,t)
∂t

= J�2��a�2c(u,t) +
∂fa

∂c(u,t)� + z�(u,t);

(12)
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where

b(p)
ij =

l(p)
ij

l2��f�
; f =

1
��f�

; (13)

J =
M
Ll2; a =

r
��f�l2; (14)

fa =
a1

2
(c�c1)2 +

a2

2
(c2�c)�

p

h2
p�

a3

4�
p

h4
p (15)

+
a4

6
(�

p

h2
p)3

with

ai =
Ai

��f�
, i = 1,2,3,4.

and

xp�(u,t) =
xp(r,t)
L��f�

, z�(u,t) =
z(r,t)
L��f�

,

dEel�

dhp(u,t)
= 2hp(u,t)

��Cijkl�̄ij�kl°(p) + �6

q = 1

�Cijkl�ij°(p)�kl°(q)h2
q(u,t)

�{Bpq(n){h2
q(u,t)}g�}u�

where g� = gl.
To solve the above kinetic equations, we need to

specify the following input material parameters

� dimensionless parameters b(p)
ij , f, J, and a. b(p)

ij and
a characterize the magnitudes of specific gradient
energies with respect to the chemical driving
force. f is a normalization factor with respect to
the depth of the local specific free energy poten-
tial well.

� all the constants in defining the local chemical free
energy (c1, c2, a1, a2, a3, a4 in equation (15));

� elastic moduli Cijkl of the material for calculating
the strain energy in equation (8);

� deformation parameters (�, ��) for determining the
SFTS tensor of the α2

�→γ transition in equation
(3).

and some numerical parameters including

� mesh dimensions (nx, ny, nz) and its discretization
in space (dx, dy, dz) and time (dt);

� boundary and initial conditions.

In this work, the gradient energy coefficients (b(p)
ij

tensor) are assumed to be variant-independent and
only diagonal terms are non-zero, i.e. b(p)

ij = bijdij. Due
to the fact that the parent phase (hcp) is transversely

isotropic on the close-packed plane (x1ox2 plane for
the chosen reference system), we further assume that
b11=b22=5b33=3.0. A relatively smaller b33 is chosen
because the x3 direction is perpendicular to the close-
packed plane, it is assumed that the specific interfacial
energies inside the close-packed plane is about 5 to
10 times higher than those off the close-packed plane.
f is assumed to be 15. J is assumed to be 1. a is
assumed to be 3.0 which is the same as b11. c1 and
c2 are chosen to be 0.38 and 0.48, respectively,
according to the phase diagram [4] and the mean
composition of the alloy is assumed to be 0.46, which
is very close to the single γ-phase region for the pur-
pose to have a relatively higher volume fraction of
the γ-phase. a1–a4 are assumed to be 1149.43, 172.41,
57.47 and 43.1, respectively, to give a qualitatively
correct description of the thermodynamics of the sys-
tem (Fig. 2). The elastic moduli tensor of the system
is assumed to be homogeneous and those for the par-
ent a2 phase at 290 K are employed to represent the
elastic moduli of the system. All the Voigt elastic
constants are zero except that: C11 = C22 = 175 GPa;
C33 = 220 GPa; C12 = 88.7 GPa; C13 = C23 = 62.3
GPa; C44 = C55 = 62.2 GPa; C66 = (C11�C12)/2,
which were taken from experimental data [21]. Defor-
mation parameters (� = 0.02, �� = 0.03) can be found
in literature [15]. The simulation is carried out on a
mesh with nx = ny = 64, nz = 128 grid points. A larger
dimension along x3 direction is chosen because the
lamellar structure is highly heterogeneous along this
direction. dux = duy = duz = 0.5 and dt = 0.002 are
set for the calculation. Periodic boundary condition is
imposed along the three axes.

3. RESULTS AND DISCUSSION

3.1. Formation of lamellar structures

The simulated 3D microstructural evolution is
shown in Fig. 3, where we plot the values of (h2

1�

Fig. 2. Local specific free energy for parent and product phases
as a function of the content of Al.
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Fig. 3. Simulated morphological evolution in the whole unit cell. Colors red, yellow, green, purple, black, and
pink denote variants 1 through 6.

h2
2), (h2

3�h2
4) and (h2

5�h2
6), respectively, by isosur-

faces with different colors. The positive and negative
values of the isosurfaces represent variants (1, 3, 5)
and (2, 4, 6), respectively. Three color bars each with
two major colors are illustrated in the up-left corner
of Fig. 3(a). In such a color scheme, variants 1–6 cor-
respond to colors red, yellow, green, purple, black,

pink, respectively, and the three twin-related pairs (1,
2), (3, 4), and (5, 6) correspond to (red, yellow),
(green, purple) and (black, pink), respectively.

The simulation is started from a homogeneous
microstructure of supersaturated a2� phase. The
nucleation process was simulated by random fluctu-
ations both in composition and structural order para-
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meters. At t = 0.4 (Fig. 3(a)), one can find some ran-
domly distributed nuclei of all six variants. It is at
this stage that the random fluctuations are switched
off and the system chooses its own dynamic path for
further evolution. We find that a lot of variants appear
in couples (e.g. refer to those areas in Fig. 3(a) indi-
cated by arrows). A close examination reveals that
most of them are twin-related, i.e. they belong to one
of the variant combinations (1, 2), (3, 4), or (5, 6).
This result indicates that self-accommodation starts to
operate at the very nucleation stage of the γ variants.
This is in agreement with previous works on strain-
induced martensitic transformations [22]. After a
short time aging to t = 0.6 (Fig. 3(b)), most of the
variants are in thin plate morphology parallel to the
(0001)a2 plane. Comparing with Fig. 3(a), one can
find that all the composite particles consisting of twin
or pseudo-twin-related variants grow. In the mean-
time, some more twin-related variant pairs emerge,
e.g. those areas indicated by gray arrows in Fig. 3(b),
which have been nucleated in earlier stage but failed
to show up in Fig. 3(a) because of their small values
relative to that of the isosurfaces. With further aging
up to t = 4, more lamellae of γ phase develop (Fig.
3(c)). At t = 10 (Fig. 3(d)), many lamellae extend
across the entire unit cell. However, the microstruc-
tural evolution seems significantly slows down after
this moment indicating the end of the growth stage
and starting of the coarsening stage. The lamellar
structure has the tendency to become more and more
regular with coarsening (Fig. 3(d) and (e)). For
example, after a relatively long-time coarsening up
to t = 50, a black variant (variant 5) is spread over
the whole external x1ox2 surface (Fig. 3(e)). But the
volume fraction of the product phase changes little.
This is obvious by following the microstructural evol-
ution from t = 50→100 (Fig. 3(e) and (f)). Although
locally some plates become more regular through lat-
eral growth on the (0001)a2 plane, the overall volume
fraction of the product phase and the microstructure
looks quite the same. It should be pointed out that the
volume fraction of the product phase is about 30%
less than the equilibrium volume fraction predicted
from the f–c curve presented in Fig. 2.

3.2. Microstructural evolution on a particular plane
normal to the (0001)a2

To examine in details some of the features
accompanying the microstructural development, in
Fig. 4 we show microstructural evolution on the
external x2ox3 plane of Fig. 3, which is normal to the
(0001)a2 plane. The color scheme is roughly the same
as that employed in the previous 3D presentation and
the accurate color correspondence of the six variants
is illustrated in Fig. 4(i). At t = 0.4, one can find all
the six variants and the arrangement of these variants
already show certain anisotropy. The noise terms are
switched off at this time. Shortly after that, small thin
plates emerge as shown in Fig. 4(b). This is followed
by mainly lateral growth and coalescence of these

variants parallel to the (0001)a2 plane (Fig. 4(c)). At
t = 10 (Fig. 4(d)), several plates extend across the
entire unit cell forming very regular lamellae parallel
to the (0001)a2 plane. For example, one can find sev-
eral lamellae pile up regularly in the central area. A
variant in brown (variant 5) in the central area is com-
posed of two parts with ±η5, respectively, separated
by two thin layers of the α2 phase, indicated by two
white arrows. In the lower left part of the same figure,
one can find an alternating arrangement (indicated by
a black arrow) consisting of two twin-related variants
(3, 4) in green and blue, respectively. It is interesting
to note the serrated morphology of the α2/γ interface.
Similar phenomenon was observed in the �-Mar-
tensitic transformation [23], which involves a
fcc→hcp transformation. The serrated morphology of
the hcp/fcc interface was attributed to the shear nature
of the structural transition and the alternation shear
mode associated with various variants [24]. The
present interface morphology can be explained in the
same way although it is simpler because the shear
direction is simply opposite for the two twin-related
variants.

Due to the stochastic nature of the nucleation pro-
cess, there is a thickness distribution of the lamellae,
which provides the opportunity for coarsening. Dur-
ing the coarsening process, some variants grow while
some others shrink. For example, the pink variant
(variant 6) in the central area, which is indicated by
a black arrow in Fig. 4(e), grows while the red variant
(variant 1) below it shrinks. The continuous red
lamella (see its shape in Fig. 4(d)) breaks up leading
to a disk-like inclusion between the pink and yellow
variants (variants 6 and 2, respectively) and eventu-
ally disappears. A close examination of the mor-
phology of the disk-like inclusion indicates that its
lower twin-related interface with variants 2 remains
quite flat while in contrast the upper pseudo-twin-
related interface is not, which implies that the pseudo-
twin interface is probably easier to break up due to
the relatively higher elastic energy as compared to the
twin-related interfaces. With further coarsening, the
inclusion finally disappears as shown in Fig. 4(f). At
the top part of Fig. 4(e), there is a disk-like composite
particle consisting of two twin-related variants as
indicated by a black double-arrow. It is interesting to
note that the α2/γ interface is curved while the γ/γ
interface is flat and parallel to the (0001)a2 plane.
When the composite particle come into contact with
another brown variant at the very top during con-
tinued coarsening, two curved α2/γ interfaces for the
brown (above) and pink (low) are replaced by a flat
γ/γ interface (Fig. 4(f)). The contacting brown and
pink variants at the top are actually twin-related vari-
ants 5 and 6, respectively. Again, there is a serrated
interface between the couple and the α2 phase near
the double arrow (Fig. 4(f)). The serrated morphology
of the interface keeps unaltered during their further
coarsening on the (0001)a2 plane (refer to Fig. 4(f)
and (g)). In the meantime, the brown variant below
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Fig. 4. Morphological evolution on the x2ox3 surface plane of the 3D unit cell. The color and variant number
correspondence is shown in Fig. 4(i).
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them (indicated by a black arrow in Fig. 4(f)) shrinks
leaving a very thin layer of untransformed matrix
between variant 6 (above) and variant 4 (below) as
shown in Fig. 4(g), which is very stable against
further coarsening. It still remains unchanged even
after a very long-time coarsening up to t = 100 (Fig.
4(i)). This phenomenon has been observed by experi-
ments [7]. It should be pointed out that the evolution
process may be different if the pink and blue variants
are twin-related. During this coarsening period from
t = 40→100, the two thin layers of α2 phase within
a γ lamella observed in Fig. 4(d) finally disappear
while the rest of microstructure keeps almost
unchanged indicating that the coarsening of micro-
structure at the later stage is relatively slow.

3.3. Mutual arrangement of the six orientation vari-
ants

To examine the twin vs. pseudo-twin relationships
among the six γ variants, in Fig. 5 we show all
couples of variants in contact at the final stage of the
simulation on the same plane as in Fig. 4. For six
variants, we could have up to 15 different combi-
nation of variants. Only three couples, namely (1, 2),
(3, 4), and (5, 6) are twin-related while all the rest
are pseudo-twin-related when they stack together nor-
mal to the (0001)a2 plane. In Fig. 5, one can find all
the three twin-related couples as shown in Fig. 5(a)–
(c). However, only 4 out of the 12 possible pseudo-
twin-related couples exist (Fig. 5(d)–(g)), and the
total amount of pseudo-twin-related variants is
smaller as compared to those twin-related. This may
be attributed to the strain-induced correlated
nucleation process discussed earlier. Also the forma-
tion of the twin-related couples can better accommo-
date the lattice misfit between them and therefore they
are favored during growth and coarsening stages. It
may worth noting that the fraction of the three twin-
related couples is also very different. The amount of
the couple in Fig. 5(c), i.e. variant 5 and 6, is signifi-
cantly higher than two other couples as shown in Fig.
5(a) and (b). This difference is mainly due to the
stochastic nature of the nucleation. The thickness of
various lamellae vary significantly too which is in line
with experimental observations [7].

Fig. 5. Variants in contact on the x2ox3 surface plane of the 3D unit cell at t = 100. The first variant is in
white and the second in black.

3.4. Microstructural evolution on (0001)a2 plane

In Fig. 6, we show morphological evolution on one
(0001)a2 plane, namely x1ox2 of the 3D unit cell
shown in Fig. 3 with x3 = 50. This plane is chosen
for the purpose to gain more insight into how the in-
lamella domain structure (including interface between
two anti-phase domains as highlighted in Fig. 4(d) by
the white arrows) evolves during the aging process.
The shades of gray correspond to the relative value
of (h2

1�h2
2) + (h2

3�h2
4) + (h2

5�h2
6). The higher the

value, the brighter the shade. Therefore, the white,
black,and gray areas represent, respectively, variants
(1, 3, or 5), (2, 4,or 6), and α2 phase. At the moment
that the noise terms are turned off (Fig. 6(a)), all six
variants coexist on the plane together with some α2

phase. After a short aging to t = 0.6 (Fig. 6(b)), some
variants grow and in the meantime variants 1 and 6
disappear. At t = 2 (Fig. 6(c)), variant 4 at the lower-
left corner disappears and another one at the central
area shrinks and eventually disappears at t = 4 (Fig.
6(d)) with further growth of variants 2, 3 and 5. After
a relatively long-time aging up to t = 10 (Fig. 6(e)),
the dominant variant left is variant 5 (white) at the
expenses of disappearance of variant 3 and shrinkage
of variant 2 (black). Further coarsening causes the
disappearance of variant 2 resulting in several
domains of variant 5 embedded in the α2 phase (Fig.
6(f)). Variant 5 itself is separated into two domains
on the plane (considering periodic boundary
condition). The structural order parameters h5 asso-
ciated with them are respectively positive and nega-
tive as indicated in Fig. 6(f). The composition of the
thin layers in-between the two domains of h5 equals
to that of the α2 phase. Therefore, they are not anti-
phase domain boundaries (APBs), which is the same
as the previous observation on the x2ox3 plane (Fig.
4(d)). This simulation result is in agreement with pre-
vious work [25], which has shown that it is imposs-
ible to have APBs in a two-phase mixture of ordered
and disordered phases if the specific interfacial energy
of APB is two times higher than that of interface,
which is usually the case. The above result is based
on one particular plane. But the tendency in other
planes is quite similar. For example, on the external
x1ox2 plane (x3 = 128) of the 3D unit cell, one can
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Fig. 6. Morphological evolution on one x1ox2 plane of the 3D unit cell with x3 = 50. The shades of gray
correspond to the relative value of (h2

1�h2
2) + (h2

3�h2
4) + (h2

5�h2
6) and the numbers in the figure represent

variant number.

also find that there is a decrease in variant number at
earlier stage and eventually the whole plane is occu-
pied by a single variant.

It should be noted that the interfaces between bor-
dering variants, for example, those in Fig. 6(c)
between variants 2 and 5, 2 and 3, 4 and 5, do not
have strong preference for certain crystallographic
planes, which is in agreement with experimental
observations [7]. In our previous study of congruent
transformation from hexagonal to orthorhombic [18,
19], on the (0001)a2 plane, the interfaces separating
twin-related variants are always the invariant {110)
or {130) planes. Although on the (0001)a2 plane, the
relative misfit among orientation variants of γTiAl
due to the ordering along three �002> γ directions
[equation (2)] is almost identical (different only by
the shear magnitude) to that among six orientation
variants of the O-phase (see equation (14) in [19]),
the c-axis normal to the (0001)a2 plane is not an
invariant line any more in the present case due to the
shear deformation of every two atomic layers for the
hcp→fcc transformation, and thus it is impossible to
form invariant planes between two bordering variants.
As a result, there is no oriented interface between bor-
dering variants on (0001)a2.

3.5. Effect of interfacial energy anisotropy

In this study both interfacial energy anisotropy and
elastic energy accommodation are considered. To
investigate separately the effect introduced by the
interfacial energy anisotropy, a simulation has been
performed in which the only difference from the fore-
going simulation is that the elastic energy term is not
taken into account in the total free energy formu-
lation, which is realized by simply setting f = 0

instead of 15. Corresponding microstructure evolution
on the x2ox3 surface plane of the 3D unit cell is shown
in Fig. 7, where the color scheme is the same as
employed in Fig. 6.

As can be seen from Fig. 7, the microstructure fea-
tures are very different from what have been observed
in the previous case. First, the volume fraction of the
γ phase is higher than �95% which is expected from
the mean composition of the alloy and the local spe-
cific free energy curve presented in Fig. 2, while in

Fig. 7. Morphological evolution on the x2ox3 surface plane of
the 3D unit cell without the influence of elastic energy. The

shades of gray are the same as those employed in Fig. 6.
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the previous case the volume fraction of the γTiAl is
�70% (Fig. 3(f) or 4(i)), which demonstrates a strong
effect of the elastic interaction on the phase equilib-
rium [26, 27]. Second, no lamellar structure at all is
formed, which indicates that the elastic interaction
plays a key role in the formation of the lamellar struc-
ture. Third, the kinetic process without elastic interac-
tion is fast. The simulation is stopped after a rela-
tively short-time coarsening because the coarsening in
this case is much faster as compared to the previous
simulation where elastic interaction leads to the for-
mation of lamellae of planar interfaces. The micro-
structure is characterized by some ellipsoid-like vari-
ants, which is similar to that of an ordinary grain
growth driven by reduction of grain boundary energy.
The ellipsoid-like morphology is caused by the ani-
sotropy in interfacial energy. In the simulations by
far, we have assumed a smaller specific interfacial
energy along the x3 direction, namely [0001]a2. If we
ignore this anisotropy by setting b11 = b22 = b33 =3.0
(we assumed b11 = b22 =5b33 =3.0 in the foregoing
simulations) and repeat the simulation as presented in
Fig. 7, one can find that the ellipsoid-like morphology
does not exist any more (Fig. 8). Instead, the domi-
nant morphology of the various variants is like a
sphere, which is a result of minimizing the isotropic
interfacial energy.

3.6. Limitations of the model

In this work, we assumed a homogeneous
nucleation process and heterogeneous nucleation of γ
on stacking faults is ignored. Corresponding study on
the effect of heterogeneous nucleation is underway.
In our formulation, the transformation mode is prede-
termined by the selection of the structural order para-

Fig. 8. Morphological evolution on the x2ox3 surface plane of
the 3D unit cell without the influence of elastic energy and
anisotropy of the interfacial energy coefficients. The shades of

gray are the same as those employed in Fig. 6.

meters which may exclude some possible transform-
ation modes occurring at intermediate stages of the
transformation. For example, the deformation modes
in the SFTS, namely the ordering phase separation on
the (0001)a2 and the shear deformation, which trans-
forms hcp to fcc, are assumed to occur simul-
taneously.

While most important input data are based on
experimental work, for example, the elastic constants,
lattice parameters for both phases, and crystallo-
graphic orientation relationship, etc., the local specific
free energy is not based on experimental data. As has
been mentioned earlier, the local specific free energy
mainly provides driving force for the α2�→γ trans-
formation. So its specific form is not critical as far as
the morphological pattern is concerned. However, for
the purpose of alloy design, we will need a more com-
prehensive model, in which the temperature effect on
the local specific free energy has to be taken into
account. Development of such a model to use some
thermodynamic database for the construction of our
local specific free energy model is under way.

4. SUMMARY

A 3D phase-field model is developed to simulate
the formation of lamellar structure in γTiAl system.
All the essential driving forces for the phase trans-
formation, including the bulk chemical free energy,
interfacial energy and elastic energy, are considered
in the model. Without any prior assumption as how
the microstructure may develop, some essential fea-
tures of the lamellar structure have been predicted. It
is found that the formation and dynamic evolution of
the lamellar structure are dominated by accommo-
dation of the coherency elastic strain arising from the
lattice misfit between the low-symmetry product
phase γ(L10) and the high-symmetry phase α2 (DO19),
as well as among the various orientation variants of
the product phase. Also the relatively higher popu-
lation of twin-related domains over pseudo-twin-
related domains is related to the strain-induced corre-
lated nucleation and elastic energy minimization.
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