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Simulation of �-hydride precipitation in bi-crystalline zirconium
under uniformly applied load
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Abstract

The morphology evolution of �-hydride precipitation and growth in a zirconium bi-crystal was simulated using a phase field
kinetic model. The effects of grain boundary and uniformly applied load were studied. The temporal evolution of the spatially
dependent field variables is determined by numerically solving the time-dependent Ginzburg–Landau equations for the structural
variables and the Cahn–Hilliard diffusion equation for the concentration variable. It is demonstrated that nucleation density of
the hydride at the grain boundary increases as compared to the bulk and favorable hydride precipitation at the grain boundary
become weaker when an external load is applied. The result also showed that hydrides will grow in those habit planes that are
near the perpendicular direction of the applied tensile load. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The mechanical properties of most materials strongly
depend on their phase composition and distribution.
Phase transformation often causes the change of their
properties. The phase-field kinetic model is an effective
model in describing the morphological evolution during
phase transformation. It has been successfully applied
to study the morphology of the second phase precipita-
tion in many materials [1–5].

In this work, �-hydride precipitation in a bi-crystal
zirconium with and without uniformly applied tensile
load is studied. Zirconium is a structural material in
nuclear power industry owing to its combination of
good mechanical properties, excellent corrosion resis-
tance and low neutron absorption cross-section. How-
ever, it often works under hot water environment.
Zirconium will gradually pick up hydrogen from the
hot water environment during service. When hydrogen
concentration reaches a certain level, zirconium hydride
will form. Since the brittleness of the hydride, the

mechanical properties of the material will degrade, and
fracture may initiate at the hydrides. It is believed that
the critical conditions for fracture initiation at hydrides
are controlled by the morphology and microstructure
of hydride precipitates in zirconium [6–9].

The morphology of �-hydride in zirconium and zirco-
nium alloy were studied by Baily [10], Roy and Jacqes
[11] and Bradbrook [12] et al. using TEM. They ob-
served a habit plane of {101–0} type in zirconium and
needle-like hydrides growing in �112–0� directions. Fa-
vorable precipitation of �-hydride at the grain
boundary in polycrystalline zirconium was also re-
ported [10]. It has been observed that stress plays an
important role in the morphology of hydrides. Effect of
tensile stress on hydride orientation has been studied
experimentally by Walter [13], Bayark [14] and Marchel
[15] et al. The results show that in zirconium, the tensile
stress tend to change the habit plane in such fashion
that the hydrides orient perpendicular to the tensile
stress and that some critical stress might be necessary in
order for the hydride to reorient itself.

However it can be very expensive to study experi-
mentally the morphological evolution of hydride pre-
cipitates in irradiated materials because of the cost
involved for irradiation protection. Unfortunately, such
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expensive test is still the only way to study the evolu-
tion of hydride morphology in irradiated materials.
Computational methods in materials science have ad-
vanced significantly in recent years [16]. It is now
possible to apply computer simulation to acquire char-
acteristics of hydride precipitation pattern quite accu-
rately, or to have better understanding of the
mechanism and to predict the properties and morphol-
ogy of new phases.

A two-dimensional �-hydride precipitation under an
applied load in a zirconium single crystal has been
investigated by the authors [17] using a phase-field
model based on the elasticity theory of Khachaturyan
[18]. The morphological evolution process of this sys-
tem is in well accordance with the experimental obser-
vation [10].

However, most engineering materials are polycrys-
talline materials and grain boundaries may play signifi-
cant role in morphology evolution. Effect of applied
load in these systems should also be studied. It should
be noted that microstructure evolution during marten-
sitic transformation in polycrystals have been studied
recently using a phase-field model [19]. In this report,
�-hydride precipitation in a bi-crystalline zirconium is
considered. The effects of grain boundary and uni-
formly applied load are discussed.

2. Phase field approach

Zirconium has a hexagonal close-packed structure.
The needle-like ?-hydride can form in three equivalent
�112–0� directions (or three domains). The �-hydride is
formed as a result of either high cooling rate or long-
hold at low temperature, and has a face-centered tetrag-
onal structure. In our phase field model, this two-phase
multi-domain microstructure in a single crystalline zir-
conium, is described by the hydrogen composition field
variable C(r, t) and three long range order parameters
(lro) �1(r, t), �2(r, t), �3(r, t) to represent the three
domains, where r is the spatial coordinate and t is time.
While in the case of a bi-crystal, we adopted a total of
six lro parameters with three in each grain to describe
the different domains of hydrides.

The time evolution of these field variables is de-
scribed by the time dependent Ginzburg–Landau equa-
tions [20,21] for �p(r, t) and the Cahn–Hilliard
diffusion equation [22] for C(r, t),

��P(r,t)
�t

= −Lp

�F
��p(r,t)

+�p(r,t) (1)

�C(r,t)
�t

= −M�2 �F
�C(r,t)

+�(r,t) (2)

where L and M are kinetic coefficients characterizing
structural relaxation and diffusion mobility; F is the

free energy of the system; �p(r, t), �(r, t) are Langivin
random noise terms which are related to fluctuations in
the long range order parameter and composition re-
spectively. The noise terms satisfy Gaussian distribution
and meet the requirement of the fluctuation–dissipation
theorem. Since the above equations are non-linear with
respect to field variables, we solve them numerically
using a semi-implicit Fourier Spectral method [23].

According to thermodynamics, the equilibrium state
of a multiphase system corresponds to minimum free
energy. The driving force for the temporal evolution of
a multiphase microstructure in single crystals consists
of the following four major contributions: the reduction
in chemical free energy; the decrease in the total interfa-
cial energy between different phases; the relaxation of
the strain energy caused by the lattice mismatch be-
tween the matrix and precipitates; and the reduction in
the interaction energy between the eigenstrain and ex-
ternal load. For a bi-crystal, free energy contribution
due to grain boundary should be considered.

The total chemical free energy of a multi-phase sys-
tem may be expressed as [21]
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where �, � are gradient energy coefficients. The integra-
tion is performed over the entire system. The first term,
f (C, �p), the local specific chemical free energy, is
approximated using a Landau– type of free energy
polynomial
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where � is the number of orientation variants, C1 and
C2 are equilibrium compositions of hydrogen in matrix
and in precipitate, respectively; A1�A7 are phe-
nomenological constants which are chosen to fit the
local specific free energies as a function of hydrogen
composition for the zirconium matrix and for the hy-
dride. The last two terms in (3) are related to the
interfacial energy between different phases.

According to Khachaturyan’s theory, elastic energy
can be expressed as [18]
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where (...) represent the volume average of (…), V is the
total volume of the system, Cijkl is the elastic constant
tensor, 	0(p) is the stress-free transformation strain for
the pth variant when �p(r)=1. Here we can assume
	 ij

0(r)=�	 ij
0(p)�p

2(r), which denote the local stress-
free transformation strain. Bpq(n)=ni�ij(p)�jk(n)�klnl,
where �jk(n)is the reverse matrix of �jk

−1=ni Cijklnl. g
and n=g/g are a reciprocal vector and its unit vector
in reciprocal space respectively. {�q

2(r)}g is the Fourier
transform of �q

2(r) and {�q
2(r)}g* is the complex conju-

gate of {�q
2(r)}g.

For a bi-crystal, we assume that the grain boundary
energy has the Read and Shockley’s form [24,25]: in the
small angle regime (��15°) the grain boundary energy
increases with the orientation difference � between the
two grains:

Eb=E0�(A− ln�) (6)

where E0 and A are constants, depending on the mate-
rial. In the large angle regime (��15°), the grain
boundary energy is assumed to be constant. In addi-
tion, it was observed in TEM experiments that grain
boundaries were often the nucleation site for the hy-
dride [10]. We assume that, (i) there is a stronger
driving force at the grain boundary region for hydride
formation as compared to the bulk and this driving
force is proportional to �p

2; and (ii) once hydrides are
formed at the grain boundary, the grain boundary
energy Eb is minimized due to the replacement of part
of the original grain boundary by hydride particles. To
reflect these two assumptions, we added a free energy
term only in the grain boundary region, i.e.,

E=Eb
�

1−��p
2(r,t)

�
(at grain boundary) (7)

This is similar to a concept used to simulate the effect
of random defects on phase transition temperature [26].
In our simulation, this grain boundary region was
specified as a thin layer having a width of a few grid
elements.

For bi-crystals, the simulation will include all these
five contributions to the total free energy in term of the
field variables, C(r, t) and ?p(r, t). In this work, for
simplicity of the calculation, we neglect the strain en-
ergy caused by composition change of hydrogen in
solid solution and all the calculation are under the
homogeneous modulus approximation (i.e., the elastic
constants of the precipitate phase are the same as those
of the matrix).

3. Simulation results and discussion

The simulation was conducted in a 256×256 two-di-
mensional uniform grid with the c-axis of Zr crystal
normal to the grid. In the chemical free energy term, we

assume that all the parameters are the same as in our
earlier work [17], which were obtained by fitting to
experimental data. The elastic constants of zirconium
are given in ref. [27] . A hexagonal to tetragonal
transformation of �-hydride precipitate from a single
crystalline zirconium generates three possible equivalent
orientation variants. The stress– free transformation
strains for the first orientation domain are:

�
�
�
�
�

0.551% 0 0
0 5.64% 0
0 0 5.70%

�
�
�
�
�

[28]. The strains for the other two orientations are
obtained by rotating the first orientation domain by 120
and 240° about c-axis respectively. In this simulation,
the grain boundary is a vertical line through the center
of the grid. In the left hand grain, one [1120] direction
is along the horizontal axis, while in the right hand
crystal one [1120] direction has an angle � with respect
to the horizontal axis. The kinetic coefficients Lp and M
in Eqs. (1) and (2) are assumed to be 0.4. The constant
A in equation (6) is assumed to be 2.5 due to lack of
experimental data and E0 in equation (6) and (7) were
chosen so that the surface energy of the grain boundary
is in the order of 1 J/m2. Reduced time t*= t/t0 was
used to represent the aging time, where t0 is about 10−7

J−1 Lp
−1. For each iteration, the time step was �t*=

0.0008.
At the beginning of the simulation, the value of C0(r,

t) is 0.1 (atomic fraction), all �p(r, t) were set to zero.
The two noise terms in Eq. (1) and Eq. (2) were turned
on during the first 1000 time steps to mimic the local
thermal fluctuations of C(r, t) and �p(r, t).

Fig. 1 presents hydride morphology after 4000 time
steps in a bi-crystal zirconium matrix for different
orientation differences between the two crystals. The
orientation of the right hand crystal is rotated by an
angle � with respect to the left hand crystal. It can be
seen from Fig. 1 that, the density of the hydride precip-
itation near the grain boundary is larger than that at
other places. They increase with the orientation differ-
ence between the crystals at the range of small angles,
while kept constant for the large angles. We can also
see that hydrides grow along habit planes with an angle
about 120° from each other. The habit planes of the
hydride at the right hand crystal changes with the
orientation of the crystal. It is also shown that hydride
precipitated in one grain will likely stop growing at the
grain boundary.

Fig. 2 shows that a uniformly applied tensile strain
was applied along the vertical direction with an orienta-
tion difference �=0 between the two grains. This case
is similar to single crystal simulation [17] except that
some hydrides stop growth at the grain boundary. At a
certain strain level, the hydrides only precipitate in the
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Fig. 1. Computer simulation of �-hydride precipitation in bi-crystal at
different orientation angle �. t*=4000. (a) �=0o; (b) �=5°; (c)
�=20°; (d) �=30°.

Fig. 3. �-hydride precipitation under a tensile strain applied horizon-
tally. �=0, tensile strain=0.32%. (a) t*=1500; (b) t*=4000.

all the figures, one can also notice that when there is an
applied load, the grain boundary precipitation become
less significant. When the load level is high, the nucle-
ation promoted by applied load will be dominant.

4. Conclusions

By adopting a total of six lro with three lro in each
grain, the hydride precipitation process in a bi-crystal
system has been simulated.

The simulation result shows that nucleation density
of the hydride at the grain boundary increases as
compared to the bulk under the assumption in Eq. (7).

Hydrides will precipitate and grow in those habit
planes that are near the perpendicular direction of the
applied tensile load.

The effect of external load on hydride precipitation
can be stronger than that of grain boundaries.
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