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This report compares two approaches for simulating microstructure evolution of plate-like
precipitates during artificial ageing of aluminum alloys: the phase field and the cellular
automaton methods. Although both methods are based on thermodynamics, they handle the
kinetics in quite different ways, each with its own advantages and disadvantages. Both methods
were applied to the growth of semi-coherent plate-like h0 precipitates in Al-4 wt% Cu. Good
agreement is found between the results of these two models, as well as experiments. A combi-
nation of these two methods would provide a novel approach that is both physically sound and
computationally effective for the application of precipitation modeling.
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1. Introduction

The objective of this work was to build an ageing tool to
predict the microstructural evolution of precipitates during
artificial ageing of heat-treatable aluminum alloys. In the
present stage of the project, we focus on simulating precipi-
tation of semi-coherent strengthening phases like h0 in Al-Cu,
which usually has a plate-like morphology.[1] A key feature of
the microstructure is the high aspect ratio of the plates.[2,3] Most
researchers[3-5] attribute the high aspect ratio of h0 to different
lengthening and thickening kinetics. The physical mechanism
for plate thickening is the motion of ledges across the broad
face. Thus a major challenge encountered in developing a
precipitation model is how to incorporate the ledge mechanism
into the algorithm.

Many researchers have done a lot of work on investigating
ledge mechanism. Figure 1 is a two-dimensional graphic
illustration of a plate-like precipitate with its broad surface
composed of stepwise ledges. The ledges have a uniform height
h and are evenly distributed at a spacing s. If all the ledges have
an instantaneous velocity along the step surface, vs, the overall
growth velocity of the interface normal to the step surface (or
the thickening rate of the precipitate), vH, is

vH ¼ vsh=s: ðEq 1Þ

Jones and Trivedi[6,7] related the growth rate of ledge with
supersaturation

X ¼ 2PeaðPeÞ; ðEq 2Þ

where Pe is a dimensionless Péclet number, defined as
Pe = vsh/(2D), where D is the diffusivity of solute in the
matrix. The function a was evaluated numerically by Jones and
Trivedi. Later Atkinson[8] obtained a mathematical solution for
this function. And this solution was verified by other research-
ers using a finite difference model to directly simulate ledge
growth.[9,10]

Equation 1 indicates that both the ledge velocity and the
ledge spacing can affect the precipitate thickening rate, and
Eq 2 relates the ledge velocity to the supersaturation. Aaronson
et al.[3,11] assumed that during the early stage of precipitation
the supersaturation does not change and the ledge spacing is
almost constant, thus the thickness of the precipitate increases
linearly with the time. However, such an assumption is no
longer appropriate at the later stage of precipitation, because of
the strong interaction between ledges. Doherty et al.[2,5,12]

argued that if the critical diffusion length is much larger than
the ledge spacing, almost all the solute atoms that diffuse to the
broad surface of the precipitate can be caught by one of the
ledges, and the thickness of the precipitate has a nearly
parabolic dependence on ageing time.

The approach taken in this work is to build a computa-
tional model-based thermodynamics of phase transformation.
We tried two types of modeling methods—the phase field and
cellular automaton methods—both of which are widely
utilized by academic researchers in study of other phase
transformation problems.[13] Although both models are based
on thermodynamics, they handle the kinetics of phase
transformation in quite different ways. The algorithms of
both models are reviewed briefly in the following sections.
And both were applied to simulate ledge growth in h0

precipitation in Al-4wt% Cu. We compared the results of
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these two models in search of a method suitable for modeling
precipitation in aluminum alloys.

2. Modeling Approach

2.1 Phase Field Model

Recently, Chen and co-workers[14-16] have developed a
phase field model for precipitation in aluminum alloys. The
phase field method has been widely used for liquid-solid
transformations,[13] but its application in precipitation is still
relatively new. The modeling approach will be briefly reviewed
in this paper in the following section, and the reader is advised
to refer to the work of Hu[16] for more details.

The phase field model uses an order parameter ð/Þ to
differentiate the matrix and precipitate phases. The order
parameter has a constant value inside each phase region and
changes smoothly in the phase boundary layer. The growth rate
of the precipitate is related to the rate of change of the order
parameter, which can be obtained by solving the following two
coupled equations

_/ ¼M½e2r2/� @G=@/� ðEq 3Þ

_C ¼ r½ðD=GCCÞrð@G=@CÞ� ðEq 4Þ

where C is composition, D diffusivity, M mobility coefficient
for the order parameter, e a coefficient related to the interfacial

energy, and G is the Gibbs free energy, which is a function of
both / and C (GCC stands for ¶2G/¶C2). The coefficient M is an
adjustable factor in the model because of the lack of a way to
directly measure the physical mobility of the matrix-precipitate
interface.

It has been proved that the phase field model can provide
good qualitative predictions of the growth behavior of h0

precipitate in Al-Cu alloys,[14-16] but it needs further improve-
ment to provide the quantitative simulations that are required
for industrial applications. Therefore, it is necessary to fine-tune
the mobility coefficient (M). As mentioned above, it is not
possible to carry out a direct comparison with experiment. An
alternative is to correlate the mobility coefficient with some
other experimentally measurable quantity.

2.2 Cellular Automaton Model

The kinetics of ledge growth is simulated by a cellular
automaton model which is based on the model originally
developed by Wang and their co-workers[17,18] for solidification
in nickel-based superalloys. This model has been modified to
be applicable to solid-state precipitation in aluminum alloys. A
two-dimensional schematic illustration of the model configu-
ration is given in Fig. 2. The simulation domain ABCD is
divided into uniform square cells: the blank cells represent
matrix phase, the fully filled cells represent the precipitate
phase, and the partially filled cells represent the interface
containing stepwise ledges. The matrix-precipitate boundary is
highlighted by line EFGH.

Fig. 2 A schematic illustration of the cellular automaton model configuration.

Fig. 1 (a) A 2D schematic illustration of a plate-like precipitate. (b) Magnification of the broad surface of the precipitate composed of stepwise
ledges.
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The plate can thicken in two ways: (1) the ledge can move
towards the right when the cell adjacent to FG transforms from
matrix to precipitate, without any increase of the total
interfacial area or (2) a new ledge can nucleate, increasing
both the amount of precipitate and the total interfacial area.
That is, thickening by ledge nucleation requires extra activation
energy. Only the ledge growth algorithm has been incorporated
in the current model; and the ledge nucleation algorithm will be
incorporated into the model in the future. When a ledge
migrates to the edge of a plate-like precipitate, it blends into the
incoherent edge, and the number of ledges on the broad surface
decreases by one, which will then affect the average ledge
spacing. In the current model, it is assumed that there are
always enough new ledges nucleated to compensate the loss of
ledges at plate edge, and the ledge spacing remains constant.

The migration rate of the ledge FG is determined by the flux
across the step. A finite difference method is incorporated in the
model to solve diffusion in the matrix, and the composition at
the step in the matrix is calculated from the phase diagram
using ThermoCalc software. Two types of boundary condition
can be applied to the edges of the domain: closed boundary
condition and periodic boundary condition. When the closed
boundary condition is applied, the flux across the edge of the
domain is set to zero. The periodic boundary condition can only
be applied to the left and right edges of the domain AB and CD.
The periodic boundary condition can be visualized by ‘‘copying
and pasting’’ the domain ABCD to its left and right sides, but
shifted upward or downward by a distance equal to the ledge
height, as illustrated in Fig. 2. In this way, the original one-
ledge configuration becomes a train of ledges, with a ledge
spacing equal to the width of the domain. When the ledge FG
moves to the right edge (CD), it does not disappear there but re-
enters the domain at the left edge (AB).

Because it incorporates sharp interfaces and discontinuous
ledges, the cellular automaton model can be used to relate the
precipitate thickening rate with the ledge spacing, which is an
experimentally measurable quantity. If the phase field model
can be correlated with the cellular automaton model, then the
model parameter (M) can be quantitatively evaluated against
experiments.

3. Simulation Results

We now have two models for precipitation; the simulation
results of each model are presented in this section, followed by
comparison between them.

3.1 Phase Field Results

If one is interested only in the thickening behavior of the
plate, then one-dimensional simulations can provide good
results, because the plates usually have high aspect ratio. The
model configuration is illustrated in Fig. 3(a), and the param-
eters are listed in Table 1. The interface is initially located at the
left end of the domain and moves to the right. A set of nine
simulations was performed, in which the mobility coefficient
(M) varied from 1 · 10)9 to 1 · 10)5 (1/s)/(J/mol), resulting in
different growth velocities of the interface. The volume fraction

of the precipitate is the size of the precipitate divided by the
length of the domain. The simulation results are given in
Fig. 3(b).

Figure 3(b) shows that the mobility coefficient (M) does
have a significant effect on the precipitate thickening behavior.
When the value of M is in the low range the fraction of
precipitate increases almost linearly with time, but as M
increases this linear thickening behavior gradually transforms
into a roughly parabolic one and finally approaches an upper
limit. This upper limit corresponds to diffusion-controlled
growth where the thickening behavior is independent of the
interface mobility parameter (M).

3.2 Cellular Automaton Results

The cellular automaton model is first validated against
Atkinson�s[8] analytical solution and then applied to simulate
precipitate thickening. The alloy system, initial composition,
diffusivity and cell size are the same as were previously used in
the phase field simulations (see Table 1), but the simulations
are carried out in two dimensions. The simulation domain

Fig. 3 (a) 1D phase field simulation configuration. (b) Increase of
the precipitate fraction against time with different mobility coeffi-
cients (M).

Table 1 Parameters for phase field simulations

Parameter Symbol Value Unit

Alloy system Al-Cu - -

Initial composition C0 1.74 (4) at% (wt%)

Temperature T 498 (225) K (�C)
Diffusivity D 5.09 · 10)19 m2/s

Precipitate composition CP 32.8 at%

Equilibrium composition at the

interface in the matrix

CS 0.25 at%

Mobility coefficient M 1 · 10)9-1 · 10)5 (1/s)/(J/mol)

Cell size Dx 1.2 nm

Time step Dt ðDxÞ2=ð10DÞ -
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contains 256 · 128 unit cells, and the closed boundary
condition is applied to the upper and lower edges of the
domain while the periodic boundary condition is applied to the
left and right edges. Only one ledge is introduced at the matrix-
precipitate interface and its height is equal to one cell size. The
simulation results are presented in Fig. 4.

Figure 4(a) shows six snapshots, from various simulation
times, of the contour lines of dimensionless composition,
defined as C ¼ ðC � CSÞ=ðC0 � CSÞ: The contour lines are
dense around the moving ledge, indicating a high local
composition gradient. The solute distribution is asymmetric
around the ledge, and the gradient is higher in front of the ledge
than behind it. Because of the periodic boundary condition, as
the ledge migrates to the edge of the domain (see the result at
40,000 time steps) it does not vanish there but re-enters the
domain from the opposite side (see the result at 100,000 steps).
The displacement of the ledge is plotted against the simulation
time in Fig. 4(b), and Atkinson�s[8] analytical solution is also
plotted for comparison. The cellular automaton prediction
shows excellent correlation with Atkinson�s solution in the
early stage of ledge growth, but shows obvious deviation at
later times. This is because Atkinson�s analysis assumes the
overall composition in the matrix does not change, but in the
cellular automaton simulations the matrix composition
decreases as the ledge grows, which is closer to reality.

In the simulation shown in Fig. 4, although there is only one
ledge present in the domain, it must be understood as a train of
ledges with a uniform spacing equal to the width of the domain
due to the periodic boundary condition. In the following
simulations a two-ledge configuration is adopted to more
clearly illustrate how ledges interact. As shown in Fig. 5(a), the

rectangular domain (composed of 256 · 128 unit cells) contains
a phase boundary with two ledges moving in the same
direction. The height of both ledges is equal to the cell size
ðh ¼ DxÞ; and they are separated by a distance equal to half of
the width of the domain ðs ¼ 128DxÞ: A dimensionless
parameter m is defined as the normalized ledge spacing over
the ledge height, m = s/h. Figure 5(a) shows the simulation
results at 1000, 10,000, and 100,000 time steps. The two ledges
always move at the same rate because of the identical diffusion
patterns. At the beginning of the simulation these two ledges
grow independently, as shown in the result at 1000 steps, and
the two C ¼ 1 contours associated with each ledge have not
contacted yet. As the ledges continue to grow, the diffusion
fields start to overlap, and this affects the growth rate of both
ledges. After 100,000 steps, the interaction between these two
ledges has totally changed the diffusion pattern far away from
the ledges, but has less effect on the short-range diffusion
pattern around the ledges.

Three more examples with different ledge spacings, m = 64,
32, and 16, are shown in Fig. 5(b), (c), and (d), respectively. A
general trend in these results is that the interaction between the
diffusion fields of the ledges becomes more significant as the
ledge spacing decreases. A distinctive transition is observed in
the diffusion fields: approximately circular contours around the
ledges and almost flat lines parallel with the interface away
from the ledges, and this transition occurs at a distance that is a
little less than half of the ledge spacing away from the interface.
In the case of m = 16, this distance is almost negligible
compared with the height of the domain, and the diffusion
pattern is characterized by the long range unidirectional
diffusion towards the interface.

Fig. 4 (a) Simulation results of a single ledge in a domain with periodic boundary condition. (b) The ledge displacement against time.
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In the simulations shown in Fig. 5, the volume fraction of
the precipitate phase is calculated as the area of the precipitate
over the total area of the domain. The increases in the
precipitate fraction with time are plotted in Fig. 6. The phase
field result for diffusion-controlled growth (M = 1 ·10)5 (1/s)/
(J/mol)) is also plotted in this figure for comparison. An
obvious trend is that as the ledge spacing decreases, the
relationship between the phase fraction and time shifts from a
low-slope straight line to a concave curve and finally
approaches the diffusion-controlled-growth limit.

4. Discussion

4.1 Model Comparison

The results of the cellular automaton model in Fig. 6 exhibit
an obvious resemblance to those of the phase field model
in Fig. 3. A one-to-one comparison between these results
is illustrated in Fig. 7. As shown in Fig. 7(a), both the

cellular automaton model (m = 256) and the phase field model
(M = 1-3· 10)9 (1/s)/(J/mol)) predict an approximately linear
relationship between the precipitate fraction and time. In the
phase field simulations the average thickening rate (the mean
slope of the fraction-time curve) is roughly proportional to
the mobility coefficient M. The cellular automaton result with
m = 256 almost exactly coincides with the phase field model
prediction with M = 2.3 · 10)9. But such a good match is not
found in Fig. 7(b), where the cellular automaton result
(m = 128) initially follows the phase field prediction (M = 5
· 10)9) but gradually drops below it and crosses theM = 4.5 ·
10)9 curve. In Fig. 7(c) the cellular automaton result (m = 32)
intercepts several curves of the phase field model with
M = 1 ) 3· 10)8. A good correlation is found again in
Fig. 7(d) where both the cellular automaton (m = 8) and the
phase field (M = 6· 10)8-1 ·10)7) predictions approach the
diffusion-controlled-growth limit.

Thus a general correlation is found between the phase field
and cellular automaton models, although with some devia-
tions for ledge spacing on the order of ledge height. Figure 8
shows the relationship between the normalized ledge spacing
(m) in the cellular automaton model and the mobility
coefficient (M) in the phase field model. An inversely
proportional relationship, MP 1/m, seems to be a good
correlation on condition that the ledge spacing is much larger
than the ledge height (m ‡ 8).

4.2 Verification against Experiments

The model comparison indicates an inverse correlation
between the mobility coefficient (M) in the phase field model
and the normalized ledge spacing (m) in the cellular automaton
model. The experimentally measured ledge spacing is in the
range of 150-300 nm for h0 plate in Al-4wt%Cu alloy during
the precipitate growth stage.[11,19] The measurement of ledge
spacing requires the precipitate to have a certain size and
thickness, thus no data is available in the early period of
precipitation. The ledge height is determined by the lattice
parameters of the matrix and precipitate,[4] and is taken as

Fig. 6 Relationship between the precipitate fraction and time with
different spacings.

Fig. 5 Simulation results of two-ledge growth in a domain with periodic boundary condition.
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1.2 nm in all the simulations. Thus for this system, the
normalized ledge spacing in the cellular automaton model is
about m = 128-256, and the corresponding mobility coefficient
in the phase field model is M = 2.3-4.5 · 10)9 (1/s)/(J/mol).

Figure 9 shows the results of both models with the evaluated
parameters. The vertical coordinate represents half thickness of
the precipitate and the horizontal coordinate represents ageing
time. The initial half thickness of the precipitate is 1.2 nm,
equal to the ledge height. The solid lines are cellular automaton
results and the dash lines are the phase field predictions. Also
plotted in this figure are the experimental data by Merle
and Fouquet.[20] It is noticed that those experimental data
are initially close to the m = 64 curve and then fall into the
expected range marked by the curves m = 128 and 256. This

deviation occurs at the initial time period less than 7 h when the
half thickness of the precipitate does not exceed 3.6 nm. This
suggests that the ledge spacing is between 75 and 150 nm
during the initial growth of precipitate and then increases to the
range of 150-300 nm. The increase of ledge spacing with time,
or decrease of number density of ledges with time, could be due
to the expectation that the nucleation of ledges becomes more
difficult as solute supersaturation decreases with time. It is
hoped that we could match our simulations better with
experimental results by incorporating ledge nucleation algo-
rithm into the model.

Fig. 7 Comparison between the cellular automaton and the phase field results.

Fig. 8 Correlation between the mobility coefficient (M) in the
phase field model and the normalized ledge spacing (m) is the cellu-
lar automaton model.

Fig. 9 Comparison between the model predictions with
experiments.
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5. Summary

We have taken two approaches—phase field and cellular
automaton methods—to model precipitation in aluminum
alloys. Both models are constructed based on thermodynamics,
but they handle the kinetics in different ways. With the
introduction of the interfacial mobility coefficient the phase
field model can reproduce different growth kinetics, from
diffusion-controlled growth to mobility controlled growth.
Unlike the phase field model that defines a diffuse phase
boundary layer, the cellular automaton model adopts a sharp
interface definition, which allows it to directly simulate the
growth of individual ledges.

Both models have been verified against previous analytical
solutions and experiments. Precipitation of h0 phase in a binary
Al-4wt%Cu alloy was chosen as the benchmarking example, and
good agreement was found between the model predictions and
experiments. A combination of these two methods would provide
a novel approach that is both physically sound and computation-
ally effective for the application of precipitation modeling.
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