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Coarsening kinetics of c0 precipitates in the Ni–Al–Mo system
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Abstract

The effect of Mo on the microstructure evolution and coarsening kinetics of c0 precipitates in the Ni–Al–Mo system is studied using
phase-field simulations with inputs from thermodynamic, kinetic and lattice parameter databases. For alloys of different compositions,
the precipitate morphology and the statistical information of precipitate sizes are predicted as a function of annealing time. It is observed
that increasing Mo content leads to a change of the precipitate morphology from being cuboidal to spherical as well as a reduction in the
coarsening rate. Comparison between simulated results and existing experimental microstructure morphologies and coarsening rates
shows good agreements.
� 2008 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.

Keywords: Ni-base superalloys; Phase-field simulation; Morphology; Coarsening kinetics
1. Introduction

A typical microstructure of Ni-base superalloys contains
L12-ordered c0 precipitate particles coherently embedded in
a face-centered cubic (fcc, c) matrix. The mechanical prop-
erties of a Ni-base superalloy depend on the volume frac-
tion and morphology of c0 precipitates. With sufficient
thermal energy, c0 precipitates undergo coarsening, also
called Ostwald ripening, during which smaller particles dis-
solve and larger particles grow. This may occur at later
stages in the precipitation process or during service at high
temperatures. Thus a knowledge of the coarsening process
of c0 precipitates is essential for the design and application
of Ni-base superalloys. As one of the commonly used alloy
elements in Ni-base superalloys, Mo has been shown to
modify both the morphology and coarsening rate of c0 pre-
cipitates [1–4]. The main purpose of this work is to develop
a phase-field model for ternary Ni-base alloys based on ear-
lier works on the Ni–Al binary system [5–9], and apply it to
study the morphological evolution and coarsening kinetics
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of c0 precipitates in the Ni–Al–Mo ternary system through
two-dimensional (2-D) simulations. The effect of precipi-
tate volume fraction on the coarsening kinetics is also
discussed.

2. Simulation details

2.1. Model

In recent years, phase-field simulations have been widely
used to study various phenomena in Ni alloys, including
solidification [10,11], nucleation and growth [12–15], phase
transformation [16–18], multicomponent diffusion [19,20],
bimodal particle size distribution [21], rafting [22] and coars-
ening [5–9,23]. In a phase-field model, all phases or domains
in a microstructure are characterized by a set of field vari-
ables, e.g. compositions and order parameters. These field
variables are continuous across the interface regions. The
order parameters can be the physical long-range order
parameters of the L12-ordered phase [8] or artificial phase
fields [7,9]. In this work, we chose the later, which, although
physically less appealing, allows simulations at larger length
scales. To distinguish the disordered c phase and the ordered
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c0 phase with four types of ordered domains in Ni–Al–Mo
ternary alloys, two composition variables ci(r, t)(i = Al,
Mo) and four artificial order parameters gj(r, t)(j = 1, 2, 3,
4) are employed, which vary spatially (r) and temporally
(t). The temporal evolution of these field variables is
described by the Cahn–Hilliard and Allen–Cahn (or time-
dependent Ginzburg–Laudau) equations [24]:

ociðr; tÞ
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¼ r Mimr
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where F is the total free energy of the microstructure
including both chemical and elastic free energies, Mim is
the diffusion mobility of species i with respect to the con-
centration gradient of element m, and Ljn is the kinetic
coefficient for the relaxation of order parameter j with re-
spect to the gradient of order parameter n.

The total chemical free energy of an inhomogeneous
microstructure can be described by the field variables as [7]:

F ¼
Z

v
f ðci; gjÞ þ

X4

j¼1

bj

2
ðrgjÞ

2

" #
dV ; ð3Þ

where bj is the gradient energy coefficient of the order
parameter gj, and f(ci, gj) denotes the local free energy den-
sity of the system expressed by [25]:

f ðci; gjÞ ¼ hðgjÞf pðcp
i Þ þ ½1� hðgjÞ�f mðcm

i Þ þ wgðgjÞ þ eel;

ð4Þ
where eel is the elastic energy density, and w is the double-
well potential height. The chemical free energy densities of
the precipitate and the matrix, fp and fm, are obtained from
the Ni–Al–Mo thermodynamic database [26]. The double-
well potential g(gj) and the separation function h(gj) are se-
lected as [7]:

gðgjÞ ¼
X4
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In this approach, the interface region is treated as a mixture
of the c matrix and the c0 precipitate with different compo-
sitions but equal chemical driving forces [9,25,27]:
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The elastic energy contribution arises from the lattice misfit
between the c and c0 phases. Assuming that the lattice
parameter is a weighted average of the lattice parameters
of the c and c0 phases with h(gj) as the weighing factor,
the local stress-free strain e0

kl is given by [28]:

e0
kl ¼ e0dklhðgjÞ; ð8Þ
where e0 is the stress-free lattice misfit, and dkl is the Kro-
necker delta function. If there is no macroscopic change in
shape or volume, the elastic strain eel

kl can be written as:

eel
kl ¼ dekl � e0

kl; ð9Þ
where dekl=0.5(ouk/orl+oul/ork) is the local strain. The vec-
tor u represents the local displacement field, which can be
solved by using Hooke’s law (rij ¼ Cijkleel

kl; where Cijkl re-
fers to the elastic constants), the local mechanical equilib-
rium condition (orij/orj = 0), and Eqs. (8) and (9). After
the displacement field is obtained, the elastic strain and
stress can be determined. The elastic energy density eel is gi-
ven by:

eel ¼ 1

2
rkle

el
kl� ð10Þ

The diffusion mobility Mim in the Cahn–Hilliard equation
(Eq. (1)) is expressed by the following equation:

Mim ¼
Xn

j¼1

½dmj � cm�½dji � ci�cjMj; ð11Þ

where Mj is the atomic mobility of element j from the
atomic mobility database of the Ni–Al–Mo system [29].
The kinetic coefficient L in the Allen–Cahn equation (Eq.
(2)) is related to the interface mobility, which is not well
determined due to the lack of experimental data. However,
an accurate value of L is not necessary for a diffusion-con-
trolled process [7], and a constant value for L is thus as-
signed. By comparing the simulated results of different L

values, we used L = 0.001 ms�1 J�1 in this work because
a larger L will not change the results, which means
0.001 ms�1 J�1 is large enough to ensure a diffusion-con-
trolled process.

2.2. Conditions and parameters for simulations

In order to compare with experimental results [3],
phase-field simulations at a temperature of 1048 K were
performed using a 512 � 512 grid with a unit grid size
of 2 nm. Three alloys with different Mo compositions
were selected for simulations and their overall composi-
tions are shown in Fig. 1 as solid circles. The dashed
lines in Fig. 1 are the tie-lines for the three alloys calcu-
lated from the thermodynamic database [26]. More alloys
with different volume fractions of precipitates are selected
along the tie-lines (open symbols in Fig. 1). The initial
states were homogeneous solutions with small composi-
tion fluctuations around the average compositions. West
and Kirkwood [30] observed that the maximum precipi-
tate density (about 1023 m�3) of c0 precipitates was
reached in few seconds in Ni–Al alloys at 1063 K. Con-
sequently, approximate 1800 nuclei were introduced at
an early stage of simulations (t < 10 s), and after that
the nucleation process was turned off. All nuclei were cir-
cles with an average radius of 6 nm and randomly
distributed.



Fig. 1. Isothermal section of the Ni–Al–Mo ternary phase diagram at
1048 K. Symbols show the compositions of selected samples and dotted
lines are the tie-lines for those compositions.

Fig. 2. Lattice misfit between c and c0 in Ni–Al–Mo ternary system at
1048 K. Symbols show the values for A1, A2 and A3 alloys.
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One of the critical factors controlling the morphology of
coherent c0 precipitates is the magnitude and sign of the
stress-free lattice misfit between c and c0, which is very sen-
Table 1
Some parameters for phase-field simulations (T = 1048 K)

Alloy e0ð%Þ C11 (GPa) C12 (GPa) C44 (

A1 0.36 213 151 99
A2 0.25 218 153 100
A3 0.00 217 151 98

* Calculated from the atomic mobility database [29] at the equilibrium com
sitive to the details of experimental processing [31]. We
recently proposed an integrated computational approach
for evaluating the lattice misfit between c and c0 in Ni-base
superalloys by combining first-principles calculations,
existing experimental data and phenomenological model-
ing [32], and the values for the current simulations are
shown in Fig. 2.

The interfacial energy is another essential parameter for
the phase-field simulations. Due to the lack of data, a value
of 13.5 mJ m�2 from binary Ni–Al alloys [33] was used in
the present work, in line with the value of 12 mJ m�2 for
superalloy Nimonic 80a (Ni–Cr–Al–Ti) reported by Zickel
et al. [34]. By fitting to the interfacial energy, the gradient
energy coefficients bj and the double-well potential height
w can be determined for a given interface width. Since
the microstructure is described by artificial order parame-
ters gj in this model, a wider interface thickness than the
actual physical one can be used in order to consider the
large length and time scales in simulations comparable to
those in experiments [7]. With an interface width of 5 nm,
bj and w are 9.0 � 10�11 J m�1 and 3.5 � 107 J m�3,
respectively.

The temperature and composition dependences of the
elastic constants of c and c0 in Ni–Al binary alloys were
studied by Prikhodko and his co-workers [35,36], though
only a few Ni–Al–Mo samples were measured in a very
narrow temperature range [37,38]. The elastic constants
for current alloys were estimated from the above informa-
tion and listed in Table 1. Furthermore, the elastic homo-
geneity was assumed due to the lack of data and the
small difference between the c and c0 elastic constants [7].

3. Results and discussions

3.1. Microstructure evolution

The 2-D microstructures at different annealing times are
shown in Fig. 3 together with the experimental micro-
graphs after 67 h [3]. The precipitate sizes from simulations
are somewhat smaller than those from experiments. One of
the reasons could be due to the 2-D nature of simulations
since the coarsening in two dimensions is slower than that
in three dimensions because of the reduced curvature. As
shown in Fig. 3, the simulated particle morphology is very
similar to the experimental observations for all three alloys.
From A1 to A3, the magnitude of the lattice misfit
decreases with the increase in the Mo concentration (see
Fig. 2), resulting in more circular morphology due to the
smaller elastic energy contributions. For A1 and A2 alloys
GPa) Dm
AlAl (m2 s�1)* (�10�17) Dm

MoMo (m2 s�1)* (�10�18)

2.232 2.446
1.655 1.460
1.263 0.826

positions of the c matrix.



Fig. 3. Microstructure evolution of the c0 precipitates in Ni–Al–Mo alloys at 1048 K. Figures in the bottom row are from experiments [3], and others from
the present 2-D phase-field simulations.
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with larger lattice misfits, the c0 particles gradually change
their shape from circular to rectangular with annealing
time, while the particles in A3 with a smaller misfit remain
circular. For all three alloys, coalescence is observed
between neighboring domains described by the same order
parameter, and such a phenomenon was also reported from
the previous phase-field simulations in Ni–Al alloys [7].
The particle alignment along the <10> direction of the c
matrix is also found in Fig. 3, and the degree of alignment
is dependent on the misfit strain. After 67 h of annealing,
the c0 precipitates in A1 alloy (e0 = 0.0036) is clearly
aligned, and the degree of alignment in A2 alloy
(e0 = 0.0025) is relatively lower.

3.2. Coarsening kinetics

In a coarsening process, the average particle radius �R
obeys a temporal law, �Rn / t. The temporal dependence n
changes according to the coarsening mechanism. A value
of 3 is derived from the matrix-diffusion-controlled coars-
ening process [39,40], while interfacial-diffusion-controlled
coarsening leads to n = 4 [41]. It is generally believed that
the coarsening process of c0 precipitates in Ni-base alloys
is controlled by diffusion in the matrix [7,42].

The theory developed by Lifshitz and Slyozov [39] and
Wagner [40] (LSW) is often used to describe a matrix-diffu-
sion-controlled coarsening process, according to which the
average particle radius �R obeys the following temporal
power law:

�R3 � �R3
s ¼ Kðt � tsÞ ð12Þ

where K is the coarsening rate constant, and �Rs and ts refer
to the average particle size and the time at the beginning of
the steady-state coarsening, respectively. To avoid the
ambiguity in determining the exact onset of the steady-state
coarsening, Eq. (12) can be rewritten as:

�R3 ¼ �R3
0 þ Kt; ð13Þ

where �R3
0 ¼ �R3

s � Kts [7]. Even though the LSW theory was
derived based on the assumptions that the particles were



Fig. 4. Plot of the cube of average particle size vs. annealing time at
1048 K. (s: Ni–12.5 at.% Al–2.0 at.% Mo, K = 397 nm3 h�1;$: Ni–9.9
at.% Al–5.0 at.% Mo, K = 388 nm3 h�1;h: Ni–7.7 at.% Al–7.9 at.% Mo,
K = 257 nm3 h�1).
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spherical and the volume fraction was zero, existing com-
puter simulations as well as many of the experimental mea-
surements [3,43] suggest that the average precipitate size as
a function of time follows a cubic law in systems with non-
spherical particles and in the presence of elastic
interactions.

The coarsening rate constant K is described, under LSW
theory, as a function of the interfacial energy, r, the diffu-
sion coefficient in the matrix phase, Dm

ij , and the second
derivative of the free energy of the matrix phase with
respect to the concentration in the matrix, f m

ij ð¼ o2f m=
ocm

i ocm
j Þ. Many efforts [44–49] has been made to study

coarsening in multicomponent systems under different
conditions. Kuehmann and Voorhees [45] derived the
coarsening rate constant for ternary alloys by assuming a
diagonal diffusivity matrix:

K ¼ 8rV p

9
Dc2ðDc2f m

22 þ Dc3f m
23Þ

Dm
22

þ Dc3ðDc2f m
23 þ Dc3f m

33Þ
Dm

33

� � ;
ð14Þ

where Vp is the molar volume of the precipitate phase, and
Dci (=cp,eq � cm,eq) is the composition difference between
the matrix and the precipitate at the equilibrium condi-
tions. The subscripts 2 and 3 indicate the second and third
components in the ternary system, i.e. Al and Mo for the
current case, respectively.

A different coarsening mechanism was recently sug-
gested by Ardell and Ozolins [50] for c0 precipitates in
Ni-base alloys. According to their Monte Carlo simula-
tions in Ni–Al alloys, Ardell and Ozolins [50] found a wide
interface (�5 nm) with a ragged structure between c and c0.
They believed that coarsening of c0 in Ni–Al alloys is con-
trolled by diffusion in the interface, especially at the early
stages when the particle size is relatively small, and then
they suggested a square law (i.e. n = 2) for the average par-
ticle radius. Several investigations have been performed
since then to determine the growth exponent n. Seidman
et al. [51] studied c0 coarsening in Ni–5.2 at.% Al–
14.2 at.% Cr at 873 K by 3-D atom probe tomography
(APT) and reported a value of 3.33 ± 0.45 for n. The tem-
poral behavior of the c matrix supersaturations also sup-
ported a cubic law for coarsening. Dwarapureddy et al.
[52] investigated the growth of c0 precipitates in the super-
alloy IN738LC, and verified that the growth exponent n

was close to 3. The diffusion across the interface was taken
into account in the present model by assuming an order-
parameter-dependent atomic mobility of element i:

Mi ¼ hðgjÞMp
i þ ½1� hðgjÞ�Mm

i ; ð15Þ

where Mp
i and Mm

i are composition-dependent atomic
mobilities in the precipitate and the matrix, and the compo-
sitions are determined by Eq. (7). According to the atomic
mobility database of the Ni–Al–Mo system [29], the mobil-
ity in the precipitate is about one order of magnitude smaller
than that in the matrix. The effect of large mobility disparity
between the matrix and the precipitate on coarsening kinet-
ics was recently studied using phase-field simulations [53].
The mobility in the precipitate Mp

i was artificially set to be
0.1 Mm

i ; 0.01 Mm
i and 0 in order to generate enough mobility

disparity between matrix and precipitates. The preliminary
results indicate a coarsening time exponent n of 3.3–3.4 by
non-linear fitting, which is somewhat higher than Ardell
and Ozolins’ prediction [50] (n = 2–3). One reason for this
discrepancy could be the different treatments of diffusion
coefficient variation across the interface. Ardell and Ozolins
[50] assumed that it is a constant value across the whole
interface region and 1–2 orders of magnitude slower than
the diffusion mobility in the matrix, while the mobility in
our simulations is described as a function of order parame-
ters and monotonically decreases from Mm

i in the matrix to
Mp

i in the precipitate. However, further studies are required
to fully resolve the discrepancy.

For the coarsening of c0 precipitates in Ni–Al–Mo
alloys, a cubic relationship (�R3 / t) was reported in the lit-
erature and the coarsening rate constants were determined
from experimental data [3,4]. To compare with those exper-
imental results, the cubic law (Eq. (13)) was used in the
data analysis of the present work. The relationship between
the average particle size and annealing time at 1048 K from
the present simulations is plotted in Fig. 4. The average
particle sizes at different annealing times were obtained
by following the same procedures used in the experiments
[3,4]. To compare the particle coarsening rates for different
alloys of different particle shapes, the radius of an area-
equivalent circle was assigned to each particle. In order
to obtain accurate values for the average particle size �R,
three independent runs of simulations were performed for
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each alloy. The approximately linear relationships between
�R3 and t are observed for all three alloys, and the coarsen-
ing constants K were obtained from a linear regression pro-
cedure using Eq. (13).

The coarsening rate constants from the simulations at
1048 K are compared with the experimental values [3] in
Fig. 5. Note that the experimental results from Ref. [4]
are for 1023 K. As can be seen, both simulated and exper-
imental coarsening rate constants decrease with the
increase in Mo concentration. One reason for this phenom-
enon may be the reduced diffusivity (see Table 1). The
coarsening rate constants from simulations are somewhat
smaller than those from experiments. As mentioned before,
the coarsening in two dimensions is expected to be slower
than that in three dimensions because of the reduced curva-
ture. The difference between simulations and experiments
(about 300 nm3 h�1 for our cases: see Fig. 5) is not very sig-
nificant since as shown in Fig. 5 a temperature variation
from 1048 to 1023 K could bring a change of that magni-
tude in the coarsening rate constants.

Since the LSW theory was developed by solving the dif-
fusion equation for a particle in an infinite matrix, and did
not consider the interactions between different particles, it
can only be strictly applied to the case of zero volume frac-
tion of the precipitate. It was reported [54–61] that the vol-
ume fraction did not affect the cubic law of coarsening but
will change the value of coarsening rate constant and the
shape of particle size distribution curve. Thus the coarsen-
ing rate constant K is modified to be a function of the vol-
ume fraction of particles, / [62]:

K ¼ KLSWf ð/Þ; ð16Þ
Fig. 5. Coarsening rate constant vs. Mo concentration at 1048 K. Open
symbols are from experiments (s [3]: Ni–12.5 at.% Al–2.0 at.% Mo, Ni–
9.9 at.% Al–5.0 at.% Mo and Ni–7.7 at.% Al–7.9 at.% Mo; D [4]: Ni–10.2
at.% Al–5.1 at.% Mo, Ni–8.2 at.% Al–7.9 at.% Mo and Ni–6.5 at.% Al–9.8
at.% Mo) and solid ones from current 2-D phase-field simulations.
The contributions of the volume fraction are given by a
function f(/), which equals 1 for the zero volume fraction
in line with the LSW theory. The accurate theoretical pre-
diction of the volume fraction dependence has proved dif-
ficult [50]. Several predictions of f(/) based on different
assumptions can be found in the literature [54–57,59], pre-
dicting quite different behaviors for f(/). These predictions
have two things in common: (i) f(/) is a monotone increas-
ing function of /; and (ii) f(/) is independent of the alloy
system.

Phase-field simulations were performed for alloys with
different volume fractions of precipitates. The alloys are
selected from A1 and A3 tie-lines (open symbols in
Fig. 1), and the results are shown in Fig. 6. As predicted
by various theories [54–57,59], the coarsening rate constant
was observed to increase as the volume fraction of precip-
itates increases due to the reduced diffusion distance. As
shown in Fig. 6, the growth of the coarsening rate constant
is sluggish in the low volume fraction range, and increases
in the high volume fraction range. Such a trend is best
reproduced by theories provided by Asimov [54], Davies
et al. [57] and Voorhees and Glicksman [59]. The anoma-
lous dependence for small volume fractions (i.e. decreasing
rather than increasing with volume fraction) reported by
Ardell and co-workers in Ni–Al and Ni–Ti alloys [63] is
not found in the present work.

Fig. 6 also indicates that the coarsening rate constants
for A3 alloys have a stronger dependence on volume frac-
tion than those for A1 alloys, which suggests an alloy-
dependent function for f(/). For volume fractions less than
0.3, coarsening for A3 alloys is slower than that for A1
alloys, while A3 alloys have a higher coarsening rate than
A1 alloys when the volume fraction is over 0.4. This obser-
Fig. 6. Coarsening rate constant vs. volume fraction of c0 precipitates in
the Ni–Al–Mo system at 1048 K.
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vation may be explained by the particle shape variations. It
is well known that the coarsening process is driven by the
variation in interfacial curvature and realized by mass dif-
fusion through the matrix. A1 alloys have high diffusivities
and low curvatures (low driving forces) due to the rectan-
gular particle shape, while A3 alloys have low diffusivities
and high curvatures (high driving forces) because their par-
ticles are circular. When the volume fraction of precipitates
is low, the diffusion distance is long and the coarsening pro-
cess is controlled by diffusion in the matrix, so coarsening
in A1 alloys is faster than that in A3 alloys at low volume
fractions. However, high volume fractions, the particles are
very close to each other and the diffusion process becomes
less important, and the coarsening rate is controlled by the
curvature. Thus the coarsening rate constants for A3 alloys
are larger than those for A1 alloys at high volume
fractions.

4. Summary

The microstructural evolution and coarsening kinetics
of c0 precipitates in Ni–Al–Mo alloys were studied by
phase-field simulations at length and time scales compa-
rable to those used in experiments. With increasing Mo
concentration, the lattice misfit between c and c0

decreases, and the shape of the c0 particles changes from
rectangular to circular. The cube of average particle size
is observed to increase approximately linearly with time
during the coarsening stage. The coarsening rate constant
increases with the volume fraction of precipitates. With a
low volume fraction, the increase in Mo concentration
slows the coarsening process due to the reduced diffusiv-
ity. At high volume fractions, the coarsening rate can be
accelerated by a higher Mo concentration which causes a
larger curvature effect by changing the particle shape.
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