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Abstract A coring structure in which § (fcc) grains have Ga-rich cores with Ga-poor
shells forms during the ¢ (bce) to § (fcc) phase transformations in Pu-Ga alloys. There are
considerable differences between the diffusivities of Ga in € and 8 and a large and anisotropic
stress field exists in the coring structure due to the large lattice mismatch between these
two phases and strong elastic anisotropy. We developed a phase-field model for simulating
the coring structure evolution in three dimensions, taking into account the inhomogeneities
of both Ga diffusivity and elastic properties. It is shown that the elastic interactions among
different oriented 3 grains and diffusive Ga atoms affect Ga diffusion path, the coring structure,
and the growth kinetics of the § phase.

Keywords Phase-field method - Coring structure evolution - € to § phase transformations
and Pu-Ga Alloys

Introduction

In Pu-Ga alloys, a microstructure, a so called coring structure, consisting of § (fcc) phase
grains with Ga-rich cores and Ga-poor edges is formed during cooling because of the con-
siderable difference of Ga diffusivity in the ¢ (~10~" t0 107" cm? sec™!) and & (1078 to
10~7 cm? sec™!) phases. The Ga-poor edge is metastable, and may transform to the extremely
brittle o phase [1-4]. Therefore, a microstructure with a homogeneous Ga distribution is de-
sired for stable thermodynamic and mechanical properties. The kinetics of the coring structure
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formation and the homogenization of Ga involve Ga diffusion, grain growth, and external
cooling process as well as the elastic interaction between diffusive Ga atoms and internal
stresses. The main origin of internal stresses is the inverse Bain distortion during the ¢ to §
transition. Using the lattice constants of the ¢ and § phases [5], the Bain distortion results
in about 11 percent contraction along two <100> directions and 26% expansion along the
other <100> direction in the bce structure. This is a very large volume and shape change.
Due to the fact that both the ¢ and § phases have strong elastic anisotropies, and different
elastic properties, it is expected that a large and anisotropic stress field is generated during
the phase transformation. In addition, the Ga atom is about 6.8% smaller than the Pu atom.
Therefore, the elastic interaction between Ga diffusion and internal stresses might affect the
Ga diffusion path and impact the evolution of the coring structure. An understanding of such
a kinetic process is of extreme importance to the nuclear weapons community for optimizing
the casting process and the materials properties, and for predicting stockpile aging.

The phase-field method, based on a diffuse-interface description, is used primarily for
modeling and predicting complex microstructure evolution on a mesoscopic length scale in
many important materials processes including solidification, ferroelectric domain formation,
martensitic transformation, and precipitation [6—10]. We have developed a phase-field model
to study the coring structure evolution in our previous paper [11], where the system was
assumed to be elastically homogeneous, ie., the ¢ and § phases have the same elastic prop-
erties. In the present work, the phase-field model has been extended to an elastically inho-
mogeneous system. The iteration method [10] was employed to calculate the elastic energy
in a solid with general elastic anisotropies and inhomogeneity. Such a model allows one to
investigate the effect of the inhomogeneity of Ga diffusivity and elastic properties, the elastic
energy generated from the lattice mismatch, the elastic interaction between diffusive Ga and
the internal stress, and the effect of cooling rate on the coring structure evolution.

Phase-field Model
Description of microstructure

We consider the microstructure evolution during the transformation from the Pu-Ga solid
solution ¢ phase to the § phase. The phase diagram of Pu-Ga alloys at the Pu-rich side is
shown in Figure 1. The initial microstructure is assumed to consist of randomly distributed
nuclei of the § phase in a single crystal of ¢ phase at a temperature 7 ¢, which lies in the & and
8 two phase region. We study the microstructure evolution during the cooling from 7o under
a constant cooling rate T. The equilibrium compositions ¢4 (T)and cgq(T) of the € and §
phases during the cooling process are determined from the phase diagram. We also assume
the 3 phase forms from the matrix € phase through the inverse Bain distortion [12], as shown
in Figure 2. Thus, the ¢ and é phases obey the orientation relationships: (010).//(110)s and
[001]¢//[001]s, and there are three orientational variants of the § phase. To describe the
microstructure, we employ a composition field c¢(r, ¢) for describing the spatial distribution
of solute atom Ga, and three order parameter variables n; (r, 1) (i = 1,2, 3) for representing
the three orientation variants of the § phase. Here r = (x, y, z) and ¢ are position and time,
respectively. c(r, t), 1 (r, t), n2(r, t), and n3(r, t) have equilibrium values (cgq (7),1,0,0),
(c57(T),0,1,0), (c;(T), 0,0, 1in three oriented § phases, and (cz’(T), 0, 0, 0) in the &
phase. ¢5/(T) and cg?(T) are the equilibrium compositions of Ga in § and & phases at
temperature T, respectively.
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Fig. 1 Phase diagram of Pu-Ga alloys at the Pu rich side generated from the Fig. 2 of Ref. [4].

(a) bee structure (b) fcc structure

Fig. 2 The inverse Bain distortion from bcc to fcc transformation.

Total free energy of the system

In the phase-field approach framework, the total free energy F(c, n1, n2, n3, T) of the system
is described in terms of phase-field variables. The three components of the free energy,
chemical free energy, interfacial energy and elastic energy, are represented by the three terms
in the following equation:

3 2 2

1 K

F(c,m,nz,ng,n:/[ﬁocm 2. 3. T) + D 5 [Vl +Eel“”}dv (1
Vo i=1
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where Qg is the molar volume, T is the absolute temperature, « is the gradient coefficient
associated with the interfacial energy, and Vj is the volume of the system.

The first term in the right side of equation (1) is the chemical free energy. We assume that
the material at each point is a mixture of ¢ and § phases with the same chemical potential.
Then, the chemical free energy per mole of the system G (c, n1, 2, 13, T') can be defined as

G(e,ni,m 03, T) = (1= h(pi, 2, 13)) £ (ce, T) + h(n1, ma,m3) 2 (cs, T)
+wg (1, n2, 13), 2)

where h(n1, 12, n3)is a shape function, has values of 0 and 1 for the ¢ and § phases,
respectively, and changes monotonically from O to 1 across the interface between the ¢
and & phases. g(n1, 112, n3) is a double-well potential, and w is the height of the double well
potential. f*(cs, T) and f 8(cs, T) are chemical free energies per mole of the € and § phases,
respectively. ¢ and cs are the mole fraction of solute atoms in ¢ and § phases, respectively.
The mole fractions satisfy the following constraint conditions of mass balance and chemical
equilibrium [13],

3

aff (ce)  Af°
¢ =[1—"h(m,n,n3)lce+hOn,n,m)cs, fa(c): f ()

Ce acs

For simplicity, in the limited Ga concentration interval (0-10%), the chemical free energies
fé(ce, T) and f 8(cs, T) are approximated as parabolic functions:

FE(ce, T) = Ae(cg — cg?(T))? 4

and
FPles, T) = As(ey — g (). ®)

The coefficients Acand As are determined by the second derivative of the chemical free
energy at the equilibrium composition for € and § phases at a given temperature 7.

The second term in equation (1) is the interfacial energy. We assume the interfacial energy
is isotropic and independent of T, i.e., k is a constant in the present work. For the case of
anisotropic interfacial energy, « is a function of the interface normal [14].

The third term in equation (1) represents the elastic energy E¢/%S! associated with the
compositional and structural inhomogeneity. The total stress-free strain sfj (r) related to the
lattice mismatch is written as a function of phase-field variables as

e;(r, 1) = eodjje(r, 1) + Z S;k]krlk(l‘, 1?. (6)
k=123

The first term corresponds to the variation of stress-free lattice parameter, a, with composi-
tion. &g = é ?TZ is the composition expansion coefficient of the lattice parameter, and 9;; is the
;fjk
the matrix ¢ and k™ orientational variant of 8 phases. The &g and ei*jk are determined by the
lattice constants and the lattice mismatch between the € and § phases [5]. We use g9 = —0.02,
where the negative sign show that the solute atom Ga is smaller than the host atom Pu. The

strain tensor 8;’}" is given

Kronecker-Delta function. The strain tensor & is related to the lattice mismatch between

~0.098 0 0
(g;;k) - 0 —0.098 0 (7
0 0 0.275
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for one of the three oriented variants of § phases with an orientation relationship (010).//
(110)s and [001]¢//[001]s. Exchanging the strain component 8’1”1‘ and 55‘12“ with €§]3€ , respec-
tively, we get the other two strain tensors 8?1‘.

The ¢ and § phases have very different elastic properties. At room temperature, the elastic
stiffness tensor (GPa) of the § phase is [15]

36 26 26 0 0 0
26 3 26 0 0 0

s |26 26 36 0 0 0

Ci={o o o 33 0 o ®)
0 0 0 0 33 0
0 0 0 0 0 33

The elastic anisotropic parameter ¢ = 2Ci4 /(C ?1 - C fz)is about 6.6. For the ¢ phase, the
elastic stiffness tensor is obtained by molecular dynamics simulation at 600 K with the Pu-Ga
MEAM potential described in Reference [16],

45 19 19 0 0 O
19 45 19 0 0 O
e |19 19 45 0 0 0
Cij = 0 0 0 57 0 O ©)
0 0 0 0 57 0
o o0 o o0 o0 57

The elastic anisotropic parameter ¢ = 2Cj,/(Cy, — C{,)is about 3.5. According to the
orientation relationship between the ¢ and & phases, when the coordinate system is chosen
along the <100> crystalline directions of the ¢ phase the elastic stiffness tensor of differ-
ent ¢ variants C f}‘ can be obtained by a coordinate transformation where k represents the

k'™ § variant. For instance, the § variant denoted by 11 (r, t)with an orientation relationship
(010).//(110)s and [001].//[001]shas the elastic stiffness tensor:

3
0

64 0 195 0 0 0

0 64 26 0 0 0

51 195 26 3 0 0 0
Ci=10o o 33 0 0 (10)

0

5

(=)
(=)
S OO
o O
(98]

Therefore, the elastic energy calculation in the ¢ to § phase transformation involves both
elastical inhomogeneity and anisotropy. Here, we use the iteration method to calculate the
elastic energy. We assume that the local elastic modulus tensor can be presented in terms of
the composition field in a linear form,

Cijr, ) =Cf+ > (CF = CHHmr 0 (11)
k=123
The elastic energy is given by

1
gt = 3 [hisgefiav (12)

@ Springer



394 S. Y. Hu et al.

where A,k is the elastic stiffness tensor related to the elastic stiffness tensor C;;, and the
elastic strains ef]l (r) are the difference between the total strain &;;(r) and stress-free strain

*
Sl-j(l’),

£ff(r) = &;j(r) — &};(r) (13)
We can divide the total strain &;; (r) as the sum of homogeneous and heterogeneous strains:
gij(r) =%&;j + 8gj(r) (14)

where the homogeneous strain g;; is defined so that f d¢gij(r,t) dV = 0. The homogeneous
strain represents the macroscopic shape and volume change, and its magnitude is determined
by the boundary condition.

Let us use u; (r) to denote the i’” component of displacement associated with the hetero-
geneous strain. According to the relationship between strain and displacement, the hetero-
geneous strain can be expressed as,

1[0ur Juy
Ser = = | ok | M 15
& =5 |:8r; + ark] (15)

where r; is the i™ component of the position vector r. The mechanical equilibrium condition
requires that
doel
Py (16)
ar j

where oi‘;.l are the stress components and are given by

Uf}l(l‘) = Lijki[8er (r) + &y — &f(r)] )
Substituting equations (15) and (17) into equation (16), we obtain
i)\ijklaﬂ = —i)\ijkl[ékl — &5 (M1 (18)
ar; ar; or;

Following the iteration method described in Ref [10] by using the Green functions in elastic
anistropic materials [17], we can get the displacement field ; (r) and the elastic strain. The
elastic energy can be calculated by Eq. (12).

Evolution equations

The temporal evolution of the solute composition c(r, ¢) and the order parameters n; (r, t)
is described by the Cahn-Hilliard equation [18] and the time-dependent Ginzburg-Landau
equation [19]

D T & T Eelasl
dc _ v. (1, 2,13, )V af¢(ce, T) n d , (19)
ot Gee dce dc
am L[ 9G 3 (k2 d Eelast
F= o |t Q0 (5 Vel ) - 20 , (20)
ar Qo | 9n an; \ 2 an;

and the constraint conditions (3). Here, D (11, 12, n3, T) is the diffusivity of Ga. G, is the
second derivative of G with respect to the composition c(r, ). And L is a kinetic coefficient
related to the interface mobility. For simplicity, the diffusion coefficient is given by

D1, n2,m3, T) = (1 = h(n1, 12, 13)) De(T) + h(n1, 12, n3) Ds(T), 2D
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where D, (T) and Ds(T) are the diffusivity of Ga in the ¢ and § phases, respectively. In the
previous Pu-Ga alloy diffusion studies [20-21], the diffusivity was expressed in the usual
Arrhenius form and fitted by experimental data. Although different investigators reported
fairly large difference in the pre-exponential term and the activation energy, all the results
showed that the Ds(T) is four to seven orders of magnitude smaller than D.(T). We are
interested in studying the effect of the Ga diffusivity difference between the ¢ and § phases
on coring structure evolution. In the calculation below under cooling, the following formula
is used to calculate D, (T') and Ds(T),

D (T) = D% exp(—QY/RT), x=¢,8 (22)

This equation gives D (T) = 9.37 x 10~ 19[cm?/s] to 8.6 x 10~2[cm?/s], and Ds(T) =
5.96 x 1077 [cm?/s] to 3.15 x 10~ 14[cm?/s] in the temperature range 7 = 500 K to 600 K.

Numerical Method and Input Data

In all simulations, periodic boundary conditions are applied in x-, y- and z-directions. The
kinetic equations (19-20) are solved numerically using the Fourier-Spectral method [22].
Based on the phase diagram in Figure 1, we assume that ¢ and § coexist at the initial temper-
ature Ty, and the equilibrium compositions vary linearly with the temperature as

T — T
S4(T) = &S4(Tp) + [84(To) — $0(T)] T 7?1 x =eand$. (23)
The model and simulation parameters are listed in Table 1. The parameters xand w are

determined by the interfacial energy o and interface thickness A with the relationship,

K:,/ﬂ, (24)
o

_ 60(0’90
Y

where « is a constant which depends on the definition of the interface. For example, when the
interface is defined in the region between ; = 0.1 and n; = 0.9, then & = 2.2. Furthermore,
we assume the phase transition from & to § is a diffusion-controlled process. Therefore, a
relatively large number L is used in the simulations. The results do not depend on the choice
of this number.

w , (25)

Results and Discussion

We focus on studying the effect of the inhomogeneity of Ga diffusivity and elastic energy,
and cooling rates on the particle growth. In the simulations, we initially place a spherical
fce nucleus with a radius Rp = 5Ax in a simulation cell 96Ax x 96Ax x 96Ax. The
nucleus has the equilibrium composition cgq(To) while the matrix has the composition cg.
First, we study the effect of the inhomogeneity of Ga diffusivity and elastic energy on the
particle growth. The simulations are performed at constant temperature 7y. To distinguish
these individual effects, we consider three cases: Casel with homogeneous Ga diffusivity
D = D, = Ds = 8.6 x 10_9[cm2/s] and homogeneous elasticity described by equation
(8); Case2 with homogeneous Ga diffusivity D = D, = Ds = 8.6 x 10_9[cm2/s] and

@ Springer



396 S. Y. Hu et al.

Table 1 The model and

. . Grid spacing Ax = 50nm
simulation parameters. Interface thickness A =4Ax

Molar volume Qo = 1.5 x 1073 m3/mol [12]
Interface energy o = 0.13/m?
Overall composition ¢y = 0.06
Temperature Ty = 600K and T1 = 550K
Cooling rates T =1.8,2.6, and 5.5K/s
Ag 104J/mol
As 104J/mol
DY 5.6 x 10~%cm?/s
Dg 1.3cm?/s
0! 55.29KJ/mol
Y 156.40kJ/mol
o1 (To) 0.05
(1) 0.10
cs?(Tp) 0.01
s1(T) 0.05

inhomogeneous elasticity described by equations (8-9); and Case3 with inhomogeneous Ga
diffusivity described by equation (22) and inhomogeneous elasticity described by equations
(8-9). For three cases, the spherical fcc nucleus has an orientation relationship (010). //(110)
and [001].//[001]s. Therefore, the lattice mismatch between the € and § phases is described
by equation (7). Figure 3 presents the particle morphologies for casel and case 2 at an aging
time of 5seconds. The color bar denotes the Ga concentration. The red interface between
the particle and matrix is plotted by the iso-surface of Ga concentrationc = 0.1. The time
evolution of the particle size along [100]¢, [111]¢ and [001]¢ directions is plotted in figure
4 while the time evolution of volume fraction of the § phase is presented in Figure 5 for
the three cases. From these results, we can conclude that (1) the elastic energy associated
with the lattice mismatch between the ¢ and § phases results in the fastest growth in the
[100]¢ and [010]¢ directions, and the slowest growth in the [001]¢ direction, which leads to
an elliptical particle. The aspect ratio of the elliptical particle increases with time. (2) The
elastic inhomogeneity slows down the growth and increases the aspect ratio of the particle.
(3) At constant temperature the effect of the inhomogeneity of Ga diffusivity on the growth
is small.

To further understand how the inhomogeneity of Ga diffusivity and elastic energy affect
the particle growth, we examine the evolution of Ga composition and internal stress fields.
The evolution of the Ga composition profile along a line through the center of the particle
in the direction [100]¢ is plotted in Figure 6 for Case 2 and Case 3. We can see that the
Gibbs-Thomson effect causes the equilibrium composition to increase in both the ¢ and &
phases when the particle is small. As the particle grows, the Gibbs-Thomason effect becomes
increasingly less important, and the equilibrium compositions gradually reach the thermody-
namic equilibrium compositions which are cgq (Tp) and ¢ (Ty). The effect of Dy on the Ga
composition profile is that when Ds is large the extra Ga caused by the Gibbs Thomson effect
can quickly diffuse out, leading to a uniform Ga distribution in the fcc particle. However,
when Djs is small the extra Ga cannot diffuse out, which leads to slight Ga segregation. Since
the Gibbs Thomson effect only takes place when the particle is small, the effect of Ds on the
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Fig. 3 The morphologies of the § particles for case 1 and case 2 at an aging time of 5 seconds at T . Color
denotes the Ga concentration, and the red surface presents the isosurface with Ga concentration 0.1.
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Fig. 4 Particle size along lines through the center of the particle in different directions [100]g, [111]g and
[001]g as a function of aging time at T

Ga segregation and the particle growth kinetics is not important. Of course, this conclusion
is only valid for growth under a constant temperature. During cooling, the Ga diffusivity
in the fcc phase might affect the growth kinetics because the thermodynamic equilibrium
compositions vary with the temperature. A uniform Ga distribution will be reached if the
Ga diffusivity in the fcc phase is large enough. Gallium segregation will occur if the Ga
diffusivity in the fcc phase is too small. The latter case will cause the formation of the coring
structure and affect the growth kinetics of the particle, which can be seen below.

Figure 7a-b shows the evolution of Ga composition and pressure p = (011 + 022 +033)/3
on the (100) and (110) planes for Case 2. The color presents Ga composition. The white
and red lines denote the pressure p = —0.06 GPa and p = 0.06 GPa, respectively. We can
see that the regions circled by the white lines have a compressive stress while the regions
circled by the red lines have a tensile stress. Since the Ga atoms have a smaller size than Pu
atoms, the elastic interaction should cause Ga atoms to diffuse to the compressive region.
As aresult, the growth in the [001]¢ direction is expected to be faster than that in the [100]¢
and [010]¢ directions. However, the lattice mismatch between the fcc particle and the bce
matrix in the [001]g direction is much larger than that in the [100]¢ and [010]¢ directions. To
minimize the elastic energy, the particle prefers to grow in the [100]¢ and [010]¢ directions.
These results show that the elongation of the particle along the [100]¢ and [010]¢ directions
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Fig. 5 Volume fraction of the § particle V¢ ./ Vy versus aging time at 7.
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Fig. 6 Evolution of Ga composition profiles along a line in [100]g direction through the center of the particles.
Solid lines for Case2 ( homogeneous diffusivity D, = Ds = 8.6 x 10_9cm2/s) and dashed lines for Case 3
(inhomogenous diffusivity Dy = 8.6 x 10~9cm?/s and Dg =3.1 x 10*14cm2/s).
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Fig. 7 Evolution of Ga composition and pressure p = (011 + 022 + 033)/3 GPa on (a) the (100) plane and
(b) the (110) plane for case 2.

[001]

Time = 6.51 5

[010]

Fig. 8 Evolution of coring structure on (100) plane with a cooling rate 2.6 K/s. The color denotes the Ga
composition.

is driven by minimizing the elastic energy while the effect of the Ga diffusion path on the
particle elongation is minor.

By adding cooling into the Case 3, we can examine the effect of the cooling rate on the
growth of a spherical fcc particle. In the simulations, the temperature decreases with a constant
cooling rate from the initial temperature Ty. The thermodynamic equilibrium compositions
in the bec and fcc phases vary with the temperature as described in equation (23). Because
of computational limitations, the simulation cell size is limited to 96Ax x 96Ax x 96Ax.
The particle grows and fills the whole cell in several seconds. Hence, very large cooling
rates T = 1.8, 2.6, and 5.5 K/s must be used to capture the effect of cooling rate on the
particle growth kinetics. The evolution of Ga composition on the (100) plane is plotted for a
cooling rate T =2.6K/sin Fig. 8. The Ga composition profiles along the [100]¢ and [001]¢
directions are presented in Figure 9. The composition profile illustrates the coring structure,
i.e., the Ga concentration is higher at the center of the particle than at the edge of the particle.
Figure 10 shows the effect of cooling rates on Ga composition distributions. It can be seen
that the cooling rate significantly affects the Ga segregation inside the fcc particle. The Ga
segregation gradually localizes at the center of the particle as the cooling rate increases.

In order to examine quantitatively the Ga segregation in the coring structure, we introduce a
coring factor. It is defined as the ratio of the extra Ga in the fcc particle to the overall Ga in
the system,
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Fig. 9 Evolution of Ga composition with cooling rate 2.6 K/s (a) along the [100]g direction and (b) along the
[001]g direction.
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Fig. 10 Ga composition profile along a line through the center of the particle for different cooling rates
5.5K/s, 2.6 K/s and 1.8 K/s at T = 583 K, respectively.

1
coVo

ex =

/ (c(r,t) —co)n(r,1)dV, (26)
\%4

where V) is the volume of the system. The coring factor vs the volume faction of the fcc
particle is plotted in Figure 11 for different cooling rates. It is clearly seen that the coring
factor increases as the cooling rate decreases. This means that a slower cooling rate causes
more Ga segregation in the fcc phase.
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Fig. 11 Coring factor as a function of volume fraction of the fcc phase for different cooling rates.

Conclusion

A general phase-field model has been developed for simulating the coring structure evolution
in Pu-Ga alloys. The model takes into account the strong inhomogeneity of Ga diffusivity and
elastic properties, the elastic energy associated with the lattice mismatch, and the dependence
of equilibrium compositions on the temperature. The simulations demonstrated that (1) the
elastic energy associated with the lattice mismatch between the € and 3 phases results in
the fastest growth in the [100]¢ and [010]¢ directions, and the slowest growth in the [001]¢
direction, which leads to an elliptical particle. The aspect ratio of the elliptical particle
increases with time. (2) the elastic inhomogeneity slows down the growth and increases the
aspect ratio of the particle. (3) at constant temperature the effect of the inhomogeneity of Ga
diffusivity on the growth is minor. (4) for a given fcc phase volume fraction the coring factor
decreases as the cooling rate increases, i.e., the Ga segregation decreases as the cooling rate
increases.
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