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Phase field simulations were conducted to investigate the effects of unequally biaxial misfit strains
on domain stability diagrams and equilibrium domain structures in an epitaxial ferroelectric PbTiO3

thin layer, which is sandwiched in a nonferroelectric medium. The simulations reveal a multidomain
structure in the layer and allow constructing “misfit strain-misfit strain” and “temperature-misfit
strain” phase diagrams. It is found that unequally biaxial misfit strains may lead to the presence of
a single tetragonal variant, either a-domains or b-domains, which do not exist if the misfit strains are
equally biaxial. © 2008 American Institute of Physics. �DOI: 10.1063/1.2975161�

Ferroelectric thin films have found wide applications and
will find wider applications.1–5 For a PbZr1−xTixO3�PZT�
film, the polarization phase could be drastically modified by
a substrate constraint, as it has been shown recently for other
systems.6–13 The misfit strains between a ferroelectric thin
film and its substrate are able to change the Curie tempera-
ture, the order of the paraelectric/ferroelectric phase transi-
tion, the equilibrium polarization states, and the dielectric
properties of the material.8 The “misfit strain-temperature”
phase diagrams of ferroelectric thin films have previously
been constructed.8–11 Equally biaxial misfit strains, called the
isotropic misfit strains, are induced when ferroelectric thin
films are grown on cubic substrates. If a ferroelectric thin
film is grown on a tetragonal substrate, unequally biaxial �or
anisotropic� misfit strains will be produced, as illustrated by
recent experimental studies.14–16 By thermodynamics calcu-
lations, Wang and Zhang11 theoretically studied the effects of
unequally biaxial misfit strains on polarization phases and
structure in a single-domain epitaxial ferroelectric thin film.
Thermodynamics theory is often used to study the effects of
anisotropic strain on phase diagrams.17–19 Phase-field method
is a powerful tool in the study of the domain structures in
ferroelectric thin films, especially in three-dimensional
simulations.10,13

In the present work, we study a ferroelectric thin layer,
which is sandwiched in a nonferroelectric material. The
sandwiched structure might be fabricated by epitaxially de-
positing a ferroelectric thin layer on a nonferroelectric sub-
strate and then capping the layer epitaxially with the same
material as the substrate. The interfaces between the layer/
nonferroelectric medium are coherent. The spontaneous po-
larization vector P= �P1 , P2 , P3� is the primary order param-

eter, and the temporal domain structure evolution is
described by the time-dependent Ginzburg–Laudau �TDGL�
equation.

�Pi�r,t�
�t

= − L
�F
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where L is the kinetic coefficient, F is the total free energy of
the system, �F /�Pi�r , t� represents the thermodynamic driv-
ing force for the spatial and temporal evolution of the simu-
lated system, and r denotes the spatial vector r= �x1 ,x2 ,x3�.
In this work, we ignore any possible interface contributions
to the free energy as discussed in Refs 20 and 21. The total
free energy can be expressed as
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in which fLan is the Landau free energy density, which is
given by22
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where �1 is the dielectric stiffness and �11, �12, �111, �112,
and �123 are higher order dielectric stiffness coefficients. In
Eq. �2�, fgrad= 1 / 2gijkl��Pi /�xj���Pk /�xl� is the gradient en-
ergy density, where gijkl are the gradient energy
coefficients.10,13 felas= 1 / 2cijkl��ij −�ij

0 ���kl−�kl
0 � denotes the

elastic energy density, where cijkl are the elastic constants, �ij
are the total strains, and �ij

0 are the spontaneous strains or
stress-free strains. In the present work, the layer/substrate
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misfit strains are e11= �̄11 and e22= �̄22 along the x1 and x2
axes, respectively. The overbar indicates an average over the
layer. The spontaneous strains are related to the spontaneous
polarization components in the form of �ij

0 =QijklPkPl, where
Qijkl are the electrostrictive coefficients. The internal stresses
generated by the inhomogeneous spontaneous strains and the
misfit strains are �ij =cijkl��kl−�kl

0 �. The stresses must satisfy
the mechanical equilibrium equation of ��ij /�xj =0, i
=1,2 ,3. The last term in Eq. �2� is the self-electrostatic en-
ergy density, which is expressed as felec=− 1

2EiPi,
10 where Ei

is the component of the electric field vector along the xi

direction. The self-electrostatic field is the negative gradient
of the electrostatic potential, i.e., Ei=−�� /�xi.

We use lead titanate �PT� thin layers as an example for
numerical simulations. We solve the TDGL Eq. �1� using the
semi-implicit Fourier-spectral method.23 The material con-
stants for the Landau free energy and the electrostrictive co-
efficients in the simulations are taken from Refs. 8 and
24:�1=3.8�T−479��105, �11=−7.2�107, �12=7.5�108,
�111=2.6�108, �112=6.1�108, �123=−3.7�109, Q11
=0.089, Q12=−0.026, Q44=−0.033 75, c11=1.776�1011,
c12=9.636�1010, and c44=1.220�1011. All the parameters
are in the International System of units except the unit of
temperature T, which is in °C. In the computer simulations,
we use normalized materials constants, which are the same
as those in Ref. 13. The normalized gradient coefficients are
G11 /G110=0.6, G12 /G110=0.0, and G44 /G110=G44� /G110=0.3.
A model size of 128�x�128�x�32�x is employed, and
periodic boundary conditions are applied along the x1, x2,
and x3 axes; �x is the grid spacing. The grid spacing in real
space is chosen as �x / l0=1, where l0=�G110 /�0 and �0
= ��1�T=25 °C. The time step is �t / t0=0.06, where t0=1 /�0L.
The thickness of the ferroelectric layer is taken as hf

=16�x. The upper nonferroelectric layer thickness is the
same as the lower thickness of hs=16�x.

We introduce the following notations for the different
equilibrium domain structures that may occur in the ferro-
electric layers: �i� a-type domain structure, where P
= �P1 ,0 ,0�; �ii� b-type domain structure, where P
= �0, P2 ,0�; �iii� c-type domain structure, where P
= �0,0 , P3�; �iv� ab-type domain structure, where P
= �P1 , (2 ,0�; �v� ac-type domain structure, where P
= �P1 ,0 , P3� �vi� bc-type domain structure, where P
= �0, P2 , P3�; and �vii� abc-type domain structure, where ei-
ther P= �P1 , P2 , P3�. Figure 1 shows the misfit strain-misfit
strain phase diagram for the epitaxial PT layer at room tem-
perature, indicating that seven types of the domain structures
exist in the misfit strain-misfit strain phase diagram for misfit
strains ranging from −0.02 to 0.02. The a- and b-type do-
main structures appear only in the regions where the un-
equally biaxial misfit strains are tensile in one direction and
compressive in another direction. The c-type domain struc-
tures exist when the misfit strains are compressive in both
directions, whereas the ab-type domain structures only exist
when the misfit strains are tensile in both directions. For the
PT layers, the unequally biaxial misfit strains with one ten-
sile and one compressive components are necessary for the
formation of the a-type or b-type domain structures, which
are forbidden when the misfit strains are equally biaxial,
thereby suggesting that the unequally biaxial misfit strains
must be imposed on the ferroelectric layers by their sub-

strates in order to obtain the stable and desirable in-plane
tetragonal phases.

Figures 2�a�–2�g� show the details of the polarization
domain structures, which correspond to the phases shown in
the phase diagram in Fig. 1. Figure 2�a� illustrates the do-
main structure when e11=0.02 and e22=−0.005. One can find
that a-type domain structure has a multidomain structure,
where a+ and a− domains exist with 180° domain walls
between them. Figure 2�b� indicates the domain structure in
b-type domain structure when e11=−0.01 and e22=0.02. The
multidomain structure of b-type domain structure is slightly
different from that in a-type domain structure. Some
b-domains do not go the entire thickness of the layer, as
shown in Fig. 2�b�. More investigations are under progress to
understand this phenomenon. Figure 2�c� illustrates the do-
main structure in c-type domain structure when e11=−0.02
and e22=−0.02. Comparing Fig. 2�c� with Fig. 2�a� or Fig.
2�b� indicates that the out-plane c-type domain structure has
a more complex domain structure than the in-plane a or b
domain structure. Figure 2�d� illustrates the domain structure
in ab-type domain structure when e11=0.015 and e22=0.0 in

FIG. 1. Misfit strain-misfit strain phase diagram of the PT thin layer at room
temperature, where symbol � denotes a-type domain structure, symbol �
denotes b-type domain structure, symbol � denotes c-type domain struc-
ture, symbol � denotes ab-type domain structure, symbol � denotes
bc-type domain structure, symbol � denotes ac-type domain structure, and
symbol � denotes abc-type domain structure.

FIG. 2. �Color online� Polarization domain structures of the phases.
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which the volume fractions of the a and b domains are 84%
and 16%, respectively. In addition to 180° domain walls, 90°
domain walls appear in this case. Figure 2�e� shows the do-
main structure in bc-type domain structure when e11=−0.02
and e22=0.015. In this case, the volume fractions of the b
and c domains are 66% and 34%, respectively. Similarly,
Figs. 2�f� and 2�g� denote the domain structures in ac-type
domain structure when e11=0.01 and e22=−0.02 and in
abc-type domain structure when e11=0.0 and e22=0.0. In
Fig. 2�f�, the volume fractions of a and c domains are 57%
and 43%, respectively, whereas the volume fractions of a, b,
and c domains are 34%, 28%, and 38%, respectively, in Fig.
2�g�. These results indicate that the domain structures and
volume fractions of different domains depend highly on the
misfit strains of e11 and e22 at a given temperature.

Figures 3�a� and 3�b� show two-dimensional
“temperature-strain” phase diagrams for the PT layer with
e11=0.005 and e11=−0.005, respectively, when e22 changes
from −0.02 to 0.02. Due to the unequally biaxial misfit
strains, the paraelectric-to-ferroelectric transition boundaries
for the PT layer have plateaus below the paraelectric phase
for both cases, which is different from the “seagull” shape of
the transition temperature versus the equally biaxial misfit
strain.8 The significant feature induced by the unequally bi-
axial misfit strains is the formation of the tetragonal ferro-
electric phase, which does not exist in the PT film under
equally biaxial misfit strains.8 In the temperature-misfit
phase diagrams, at the constant misfit strain of e11=0.005,

only four domains exist: �i� the b domain, �ii� the ab domain,
�iii� the ac domain, and �iv� the abc domain. At the same
time, the ab and ac domains may occupy a large region in
the total domain diagram. However, at the constant misfit
strain of e11=−0.005, there exist five domains: �i� the b do-
main, �ii� the ab domain, �iii� the ac domain, �iv� the bc
domain, and �v� the abc domain. Among the five domains,
the ac and b domains may occupy a large region in the total
domain diagram. Thus, compared with e11=0.005, the misfit
strain of e11=−0.005 favors the formation of b domains.

In summary, the phase diagrams and the equilibrium do-
main structures of PT ferroelectric thin layers under un-
equally biaxial misfit strains have been studied by using
three-dimensional phase field simulations. The polarization
gradient energy �domain wall energy� and the long-range
mechanical and electrostatic interactions are all taken into
account, which are usually excluded in thermodynamics cal-
culations based on a single-domain assumption. It is found
that unequally biaxial misfit strains lead to the presence of a
single tetragonal variant under highly anisotropic substrate
strains.
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FIG. 3. Temperature-misfit phase diagrams at the constant misfit strains of
e11=0.005 �a� and e11=−0.005 �b� of the PT thin layers, where symbol �

denotes the paraelectric phase and other symbols have the same meaning as
that used in Fig. 1.
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