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In this work, appropriate description of interactions of 3d transition metals in aluminum �Al-3d� is attained
from first-principles using LDA+U potential within density-functional theory. By reproducing diffusion coef-
ficients of 3d transition metals in aluminum in agreement with reliable data from experiments, activation
energies, and diffusion prefactors along with different aspects of the Al-3d systems are presented. Al alloy with
dilute concentration of 3d solutes Fe, Cr, or Mn is magnetic. The physics underlying the anomalously low
diffusivities of 3d solutes in Al is discussed.
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I. INTRODUCTION

Aluminum alloys with 3d transition metal elements are
important commercial alloys. During the last decade, first-
principles calculations1–5 have been employed to study dif-
fusion in dilute Al-3d alloy systems. Simonovic et al.1 esti-
mated activation energies in Al for several elements
including the 3d elements using generalized gradient ap-
proximation while Sandberg et al.2 predicted diffusion barri-
ers of 3d impurities in Al using local-density approximation
�LDA�, within density-functional theory �DFT�.
Researchers3–5 have also specifically investigated the mag-
netic property of 3d elements in Al using ab initio proce-
dures. Sensitivity of migration barriers2,4 and local magnetic
moments3–5 of the 3d impurities to the geometry of the initial
system configuration and the extent of relaxation is reported.
The present work is aimed at obtaining diffusivities of 3d
solutes in Al by calculating both the diffusion prefactor and
activation energy from first-principles and to further investi-
gate their trend in diffusivities and their magnetic nature.

Over the past quarter century, many experimental
studies6–22 have been conducted to measure the diffusion co-
efficients of 3d transition elements in Al. From the measure-
ments it had been observed that compared to Al self-
diffusion, diffusivities of 3d elements is anomalously low,
resulting from high diffusion prefactor D0 and high activa-
tion barrier Q, though the cause for such a behavior is not
clear. In the present work an attempt is made to understand
the cause for the anomalously low diffusion coefficients of
3d solutes in Al from existing theories.

II. THEORY

Impurity diffusion coefficient for a cubic system is ex-
pressed in the Einstein form as23

D2 = f2a2C2w2, �1�

where a is the lattice parameter, f2 is the solute diffusion
correlation factor, C2 is the vacancy concentration adjacent
to the solute, and w2 is the solute jump frequency. We em-
ploy the five-frequency model of Le Claire23 to compute the
solute correlation factor f2 for dilute fcc alloys as derived by
Manning24

f2 =
1 + 3.5F�w4/w0��w3/w1�

1 + �w2/w1� + 3.5F�w4/w0��w3/w1�
,

where

F�x� = 1 −
1

7

10x4 + 180.5x3 + 927x2 + 1341

2x4 + 40.2x3 + 254x2 + 597x + 435
�2�

x=w4 /w0 and wi are the five jump frequencies: w1 represents
jumps of solvent atom adjacent to impurity with the vacancy
adjacent to impurity before and after the jump, w4 represents
jumps of solvent atom such that vacancy associates with or
comes adjacent to the impurity atom, w3 represents jump of
solvent atom such that vacancy disassociates with the impu-
rity atom, w0 is the jump of solvent atom, without vacancy or
the diffusing solvent atom being adjacent to impurity before
and after the jump �jump frequency in pure solvent system�
and w2 is the jump of the solute atom with adjacent vacant
site.

Atom jump frequency can be described by the equation25

w =
kBT

h
exp�−

GTS
� − GIS

kBT
� , �3�

where GIS is the free energy of the initial state �IS� of a
system with a vacancy and all the atoms in their equilibrium
positions and GTS

� is the free energy of the transition state
�TS� with the diffusing atom at the saddle point along the
diffusion path, after excluding the contribution from its un-
stable phonon mode.

The vacancy concentration C2 is defined from the prob-
ability of vacancy formation adjacent to an impurity atom26

C2 = exp�−
�Gf

kBT
� , �4�

where �Gf =�Gf
� −�Gb with �Gf

� being the free energy of
vacancy formation in pure solvent without impurity and �Gb
being the solute-vacancy binding energy27 defined as �Gb
=−�GIS

w1−GIS
w4�, i.e., negative of the difference between free

energies of the system when solute and vacancy are adjacent
to each other �w1 jump� and when they are apart �w4 jump�.
Thus calculating the impurity diffusion coefficient is reduced
to obtaining the temperature-dependent enthalpy and entropy
of the pure solvent without vacancy and of the initial and
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transition states corresponding to the five jumps. It is noted
from the five-frequency model that the initial states of jumps
w1, w2, and w3, and the transition states of w3 and w4 jumps
are the same.27

Considering the temperature dependence of f2 which con-
tributes to the activation energy of impurity diffusion coeffi-
cient, with jump frequencies involving terms of the form
exp�1 /kBT�, Eq. �1� in the Arrhenius’ form D=D0 exp
�−Q /kBT� can be written as

D2 =

kBT

h
f2a2 exp�STS

� − SIS
w4 + �Sf

�

kB
�

exp� kBd ln f2/d�1/T�
kBT

�
�exp�−

HTS
� − HIS

w4 + �Hf
� − kBd ln f2/d�1/T�
kBT

� ,

where the activation energy is

Q = HTS
� − HIS

w4 + �Hf
� − kBd ln f2/d�1/T� . �5�

III. CALCULATION METHODOLOGY

In the present work, the first-principles calculations are
performed using the projector-augmented wave �PAW�
method,28,29 as implemented in the highly efficient Vienna ab
initio simulation package �VASP�.30 The LDA �Ref. 31� is
used for the exchange-correlation potential. A Monkhorst-
Pack k-point mesh of 8�8�8 and energy cutoff of 300–350
eV depending on the valence description of the pseudopoten-
tial yielded converged migration barriers within 0.01 eV.
Similar convergence of the energetics was obtained using
supercells with 32 and 64 lattice sites. Hence supercell with
32 lattice sites �2�2�2 fcc supercell� was employed. Un-
less otherwise mentioned, all calculations are completely re-
laxed with respect to internal coordinates, volume, and
shape. The transition state is determined by the nudged elas-
tic band method32 as implemented by VASP.

The phonon frequencies are calculated using the supercell
approach,33 as implemented in the alloy theoretic automated
toolkit �ATAT� �Ref. 34� package. Similar energy cut-off and
k-point mesh sizes used for the static total energies are also
used for the vibrational calculations. The contributions to the
free energy from the normal phonon frequencies are calcu-
lated through the standard thermodynamic relations.35 From
our previous work36 it has been observed that temperature
dependences due to thermal expansion are negligible for Al.
Hence in the present work calculations are performed within
the harmonic approximation37 at the fixed 0 K equilibrium
volume for the initial and transition states.

Using the PAW method or ultrasoft �US� pseudopotential
together with LDA for obtaining the relaxed configurations
of the transition state, specifically for Cr, Mn, Fe, Co, and Ni
impurities, the spin-polarized calculation exhibited magnetic
moment irregularly, causing huge deviations in the energetics
on the order of 0.5 eV. Allowing only constrained relaxation,
i.e., relaxing the atom positions without changing the volume
or cell shape, a procedure similar to that followed by Sand-
berg and Holmestad,2 stabilized the energetics and improved
the activation energy in comparison to experiments for some
of these impurities while others remained almost unaffected.

TABLE I. Activation energies for 3d elements in Al obtained using LDA and LDA+U with and without spin polarization. The U-J values
used in the LDA+U calculations are listed. Activation energy of the Al-3d system from suitable type of potential is shown in bold. Assessed
experimental data for activation energy is tabulated for comparison. All the values listed in the table are in eV.

3d element U-J Q �LDA+U+spin� Q �LDA+U+non-spin� Q�LDA+spin� Q�LDA+nonspin� Q �Exp�
Exp

References

Sc 1 1.69 1.69 1.72 1.79 42

Ti 1 2.31 2.31 2.34 2.71 43

V 1 2.50 2.64 2.63 3.14 43

Cr 2 2.08 2.79 2.81 2.71 44

Mn 3 1.65 2.82 2.79 2.19 44

Fe 4 1.40 2.59 2.55 2.00 12

Co 6 2.10 1.23 2.22 1.75 44

Ni 14 1.57 1.30 1.75 1.50 44

Cu 9 1.22 1.22 1.25 1.39 44

Zn 9 1.18 1.18 1.17 1.20 44
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FIG. 1. Hubbard U from the current work in comparison to
values from the work of Aryasetiawan et al. �Ref. 41�.
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Thus, performing full or constrained relaxation using PAW
LDA or US LDA potentials did not yield activation energies
and impurity diffusion coefficients that consistently matched
with experimental results. There exists a complication in
handling Al systems with 3d transition metal solutes within
LDA of DFT due to localization of charges around the
transition-metal elements.38 To treat such a case where both
bandlike and localized behavior exists in dilute alloys with
transition metals, LDA+U �Ref. 39� potential is proposed to
include the electron-electron correlation and exchange ener-
gies of the partially filled d shell of the transition impurities
within the Hamiltonian of the system through U and J pa-
rameters, respectively.

In this work, the Hubbard model implemented by VASP is
used along with PAW LDA �LDA+U� for modeling these
metallic systems.40 The Hubbard U for the 3d elements has
been recently estimated �shown in Fig. 1� by Aryasetiawan et
al.41 using a random-phase-approximation �RPA� scheme.
Using these U values as our initial guess, diffusion coeffi-
cients of all 3d elements have been calculated. The U-J
�where J=1 eV� value is then adjusted and both spin-
polarized and nonspin-polarized relaxations are conducted to
obtain an appropriate description of the charge interactions in
each Al-3d system, by comparing the predicted 3d diffusivi-
ties with experimental data. Analysis conducted of the ex-
perimental data in the literature for each Al-3d system has
revealed that only few of the experimental works obtained
consistent D0 values varying over a small range �about an
order of magnitude� while the others obtained much higher
or lower values. Measurements that yielded nearly consistent
diffusion parameter values have been considered reliable in
this work and chosen for comparison. The suitable U-J value
and spin-relaxation type for each Al-3d system and the re-
sulting activation energy in comparison with experimental
data are tabulated in Table I. Values obtained by Du et al.44

from least-squares analysis, for 3d elements assessed from

reliable experimental data, have been used for comparison in
Table I. For the other 3d elements reliable data of the avail-
able measurements are chosen. The U values from the cur-
rent work are compared to those from the RPA work of Ar-
yasetiawan et al.41 in Fig. 1. The magnetic moments and
partial density of states �DOS� from d orbital �d-DOS� of the
transition elements are reported.

IV. RESULTS AND DISCUSSIONS

The correlation factor calculated from five-frequency
model �Eq. �2��, for diffusion of all 3d impurities except Zn,
is obtained to be unity at all temperatures considered, indi-
cating uncorrelated motion of partially filled transition ele-
ments in Al. In such cases, activation energy �Eq. �5�� is just
the sum of the enthalpy of vacancy formation and impurity
migration �temperature dependence of impurity correlation
factor is zero�. The correlation factor for Zn diffusion in-
creases from 0.06 to 0.53 with the temperature increasing
from 400 to 900 K. This temperature dependence of the cor-
relation factor �see Eq. �5�� contributes a value of 0.14 eV in
addition to the sum of enthalpy of vacancy formation and
atom migration for the activation energy of Zn.

For comparison of the activation energies from the current
work to experimental data, assessed values of Du et al.44 and
data consistent over different works of measurements cho-
sen, are tabulated in Table I. It is seen that spin-polarized
calculation does not change the energetics of the system with
Sc, Ti, Cu, or Zn impurity in Al �see Table I�, besides giving
a zero magnetic moment on full relaxation, indicating the
nonmagnetic nature of these dilute Al alloys. It is also found
that an LDA+U calculation of activation energy in these
alloys yields almost the same value as that from LDA, indi-
cating low d-d interactions for Sc and Ti with lower number
of d electrons and also for Cu and Zn with completely filled
d shell.

TABLE II. Magnetic moments ��B� of the fully relaxed perfect, initial and transition states of the impurity jump, obtained from LDA
+U relaxation using J=1 eV and U-J values from column 2 of Table I, in comparison with results from experimental measurement and
predictions from other theories in the literature.

3d element

Magnetic moment

Perfect state

Initial state �LDA+U� Transition state �LDA+U� Experiments Theories References�LDA+U� LDA

V 0.02 0.0 0.0 2.1

Cr 3.03 0.11 3.10 3.76 2.00 45

2.8 46

Mn 3.33 0.0 3.39 3.95 2.53 45

2.46 47

2.4 46

Fe 2.26 0.00 2.38 2.88 0a 1.78 45

0.6 46

1.9 4

Co 0.85 0.0 1.3 1.3

Ni 0.0 0.0 0.0 0.0

aReferences 48 and 49.
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For the case of solutes V to Ni, a significant change is
seen in the energetics of the Al alloy system for a spin-
polarized calculation �see columns 3 and 4 of Table I�. The
magnetic moments obtained from spin-polarized full relax-
ation of the three states �perfect state with no vacancy, and
initial and transition states� of these Al-3d systems indicates
that Fe, Cr, and Mn are magnetic, Ni and Co are nonmag-
netic and V is magnetic when V is at the saddle point in
transition state �see Table II�. Comparing the LDA+U acti-
vation energies from spin-polarized calculations of V, Fe, Cr,
and Mn, and nonspin-polarized calculations of Ni and Co
solutes in Al, to assessed experimental data, a systematic
agreement is seen �see Fig. 2 and Table I�, indicating the
importance in including the effective d-d interaction energy
�U-J�. Further, it is seen that with increasing d electrons in
the partially filled d shell, i.e., as we move across the 3d
series from left to right, the U-J value increases �see Fig. 1�.

We attempt to understand the trend followed by the acti-
vation barriers of the 3d elements in Al, having a peak at V
�see Fig. 2�. Activation energies are not a function of solute
excess valence or solute solubilities in Al.50 The size of the
3d elements in fcc lattice varies across the series with a
minimum at Fe.51 Thus their activation energies are not a

function of their size either. Activation energy of 3d solute
can be related to its bonding strength with its nearest-
neighboring Al atoms, i.e., a combination of: �i� the bonding
strength with Al in perfect state when there is no vacancy
adjacent to the transition element, which determines the en-
ergy required for vacancy formation and, �ii� the bonding
strength of the transition element with Al in initial state with
a vacancy adjacent to it, which determines the energy for
migration. Therefore, we analyze the total strength of bond-
ing of each transition-metal impurity with its nearest neigh-
bors before and after the formation of vacancy to understand
the trend in their activation energies. In this respect, Mori-
naga et al.46 also described the trend in activation barriers of
3d transition metal solutes in Al to be a function of bond
strength.

According to the theory of virtual bound state proposed
by Friedel52 and Anderson to describe specifically the bond-
ing of 3d impurity elements in Al, resonance between similar
energy states of 3d element with Al causes scattering of the
conduction electrons of Al, resulting in increased electronic
density of states around the 3d element. As it is mainly the d
electrons of the 3d element that are involved in bonding, we
look at the partial density of states from the d orbital
�d-DOS� of transition-metal impurity at the Fermi energy

TABLE III. Q and D0 values from the current work in comparison with experimental data.

3d element U-J

LDA+U Experiments

Q
�eV�

D0

�m2 /sec�
Q

�eV�
D0

�m2 /sec� References

Sc 1 1.72 5�10−5 1.79 5.31�10−4 42

Ti 1 2.32 9�10−5 2.71 1.12�10−1 43

V 1 2.50 1�10−4 3.14 1.6�100 43

Cr 2 2.07 7�10−5 2.71 6.75�10−1 44

Mn 3 1.73 2�10−5 2.19 1.35�10−2 44

Fe 4 1.51 3�10−5 2.00 1.35�10−2 12

Co 6 1.17 1.6�10−6 1.75 1.93�10−2 44

Ni 14 1.42 2�10−4 1.50 4.1�10−4 44

Cu 9 1.24 6.1�10−6 1.39 4.44�10−5 44

Zn 9 1.2 7�10−6 1.20 1.19�10−5 44
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FIG. 2. Systematic match in the trend of activation energies
between current work �LDA+U� and experimental data �references
in Table I�. First-principles calculation results from Sluiter and co-
workers �Ref. 1� and Sandberg and Holmestad �Ref. 2� are plotted
for comparison.
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FIG. 3. Partial DOS from the d electrons of the transition ele-
ment in Al at the Fermi level �EF� from nonspin-polarized fully
relaxed IS and the sum of IS and perfect state �bold solid line�.
Residual resistivity values are taken from experimental work of
Rizzuto �Ref. 53�. Both the y axes are plotted on logarithmic scales.
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level �EF� of the Al system. The sum of d-DOS of transition
metal impurity in perfect and initial state is treated as a mea-
sure of the total �before and after formation of vacancy�
bonding strength of the 3d element leading to its activation
barrier. Resulting d-DOS values for elements across the 3d

period �plotted in Fig. 3� is a single-peak curve, with the
peak at V, similar to the plot of activation energy �Fig. 2�.
Additionally, according to the Friedel-Anderson theory,
greater the electronic density of states around the 3d
element54 greater should be the residual electrical resistivity
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FIG. 4. Impurity diffusion co-
efficient from LDA and LDA+U
�for systems required� in compari-
son with experimental data avail-
able in the literature for �a� Sc in
Al �Ref. 42�, �b� Ti in Al �Ref.
43�, �c� V in Al �Ref. 43�, �d� Cr
in Al �Refs. 9, 13, and 55�, �e� Mn
in Al �Refs. 7 and 55–58�, �f� Fe
in Al �Refs. 6, 12, 22, and 59�, �g�
Co in Al �Refs. 13, 15, 17, and
57�, �h� Ni in Al �Refs. 17 and
60�, �i� Cu in Al �Refs. 61–65�,
and �j� Zn in Al �Refs. 17, 61, and
66–68�.
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of the Al-3d system. Following similar concept, Sandberg et
al.2 explained higher diffusion barriers of the midseries 3d
elements in Al to be the effect of greater electronic scattering
�related to higher residual resistivity� caused by these impu-
rities in Al. As d-DOS of perfect state at EF �V�2.7�
�Cr�1.85��Mn�1.6��Fe�1.45�� follows the same trend as
the sum total d-DOS plotted in Fig. 3 we plot the resistivity
data from measurements53 in Fig. 3. It can be seen that the
trends agree very well, thus proving the occurrence of reso-
nance and conduction electron-scattering phenomena in
bonding between Al and 3d. It is also seen from Figs. 2 and
3 that the trend in activation energy for all elements across
the 3d series is not explainable on the basis of d-DOS at EF
itself and hence there could be contributions from other
secondary factors.

As can be seen from the magnetic moments obtained from
the present calculations �see Table II�, dilute Al alloy with
Fe, Cr, or Mn impurity is magnetic, even in its fully relaxed
state, unlike claims by previous researchers.3–5 Magnetic na-
ture is also evident from the distinct two-peaked �spin-up and
spin-down� partial DOS from the d orbital of Fe, Cr, and Mn
unlike other 3d elements.

D0 and Q values calculated for all 3d transition elements’
diffusion in Al are given in Table III. Impurity diffusion co-
efficients obtained from these values are illustrated in Fig. 4.
The results from both LDA and LDA+U are plotted for sys-
tems where the U-J parameter has a significant impact. On
comparing the diffusion coefficients of all the 3d elements in
Al in Fig. 5, we see that the trend in diffusivity of 3d ele-
ments closely follows the trend in their activation energy
�Fig. 2�. On comparison of diffusion coefficients of 3d ele-
ments with Al self-diffusion36 �see Fig. 5�, it can be seen that
3d elements Sc to Fe exhibit anomalously low diffusion co-
efficients compared to Al self-diffusion. We expect their low
diffusivities and high activation barriers in Al to be due to
strong bonding with Al, a consequence of increased electron
density from Friedel-Anderson’s virtual bound state. In this

context, Simonovic et al.1 also explained the anomalously
high activation barriers of the midseries 3d elements to be
due to strong bonding arising from sp-d electronic hybrid-
ization between Al and the 3d solute elements. In the case of
Co and Ni, due to large d-d interactions causing highly lo-
calized charges as indicated by their significantly large U-J
values �Fig. 1� and low d-DOS �Fig. 3�, the effect of reso-
nance scattering is minimal, leading to small activation en-
ergies and thus normal diffusivities in Al, i.e., 	2–3 orders
of magnitude about Al self-diffusion. Similarly Cu and Zn
with completely filled d shell do not have their d electrons
actively participating in bonding with Al and hence exhibit
normal diffusivities.

V. CONCLUSIONS

In the present work, we found that LDA+U is suitable for
describing the finite temperature energetics in Al-3d systems.
This we see from the activation barriers and diffusion pref-
actors that systematically agree with measurements and, dif-
fusion coefficients that match well with experimental data.
Trend followed by the DOS from d orbital of 3d elements at
Fermi level being similar to the residual resistivity data from
experiments, shows occurrence of Friedel Anderson’s
resonance-scattering phenomenon for bonding between Al
and 3d elements. Behavior of 3d solutes with their activation
energy following similar pattern as their partial density of
states at the Fermi level, with a peak at V, indicates strong
correlation between their activation energies and the nature
of bonding of 3d with Al as described by Friedel.36 High
activation barriers and anomalously low diffusion coeffi-
cients, for partially filled d-shell 3d elements, reflect strong
bonding of 3d elements with Al. Exceptions to this are Co
and Ni with high d-d interactions and thus weak bonding
with Al. Further it is seen that Al with dilute concentration of
Cr, Mn, or Fe impurity is magnetic.
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FIG. 5. Figure 5 illustrates the nonanomalous diffusion behavior
of Co and Ni in Al, in contrast to anomalous behavior of all other
3d transition elements with partially filled d shell.
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