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Abstract

We report the prediction of impurity diffusion coefficients entirely from first principles, using density-functional theory (DFT) calcu-
lations. From DFT we obtain all microscopic parameters in the pre-factor and activation energy of impurity diffusion coefficients: (i) the
correlation factor through a five frequency model, (ii) the impurity jump frequency within the framework of transition state theory and
(1ii) the free energies of vacancy formation and vacancy-solute binding. Specifically, we calculate the impurity diffusion coefficients of
Mg, Si and Cu in dilute face-centered cubic Al alloys. The results show excellent agreement with experimental data. We discuss the fac-

tors contributing to the trends in diffusivities of these impurities.
Published by Elsevier Ltd. on behalf of Acta Materialia Inc.
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1. Introduction

During the past two decades there have been many efforts
to determine diffusion coefficients using fundamental elec-
tronic/atomistic approaches [1-8]. The calculations have
been either from empirical or semi-empirical approaches
[1,8] or involved approximations for the values of certain
quantities [2-7]. Recently we presented [9] a parameter-free
first principles procedure to predict vacancy-mediated self-
diffusion coefficients in cubic systems within the framework
of transition state theory (TST). Here we extend this first
principles approach to the case of impurity diffusion in
face-centered cubic (fcc) systems using the five frequency
model developed by LeClaire and Lidiard [10].

The five frequency model has been previously employed
to determine impurity diffusion coefficients in alloys using
atomistic/electronic structure calculations. For example,
Adams et al. [1] predicted impurity diffusion coefficients
in fcc metals using lattice static calculations with embedded
atom potentials. Janotti et al. [S] and Kremar et al. [6] pre-
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dicted diffusion coefficients of transition elements in fcc Ni
via first principles calculations. In these studies the diffu-
sion pre-factors were not explicitly calculated, but approx-
imated to be the same for all solute elements. Recently
Simonovic and Sluiter [11] conducted an extensive, system-
atic study of first principles activation energies in Al across
a wide range of impurities. There have also been a number
of attempts [6,12-16] to elucidate the trends in solute diffu-
sion coefficients based on factors such as size, valence or
solubility of the impurity in the host lattice. In most cases
the analysis was mainly based on the relative values of acti-
vation energies for diffusion of impurities/solutes.

In the present work we use a first principles approach to
calculate both the diffusion pre-factor (D) and the activa-
tion energy (Q) of impurity diffusion, including the impor-
tant contributions of correlation for impurity diffusion.
Our first principles calculations include both atomically
relaxed static total energies, as well as direct force constant
phonon frequencies and vibrational free energies. We con-
sider the well-studied cases of impurity diffusion of Mg, Si
and Cu in fcc Al. We examine the trends in solute diffusiv-
ities based on both Dy and Q. This paper is organized as
follows. In Section 2 the basic atomic theory of impurity
diffusion is presented and in Section 3 the methodology
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to compute the microscopic quantities in the five frequency
model is detailed. The results and discussion are presented
in Sections 4 and 5, respectively.

2. Equations for impurity diffusion coefficients

Impurities in fcc metals diffuse predominantly via a
vacancy mechanism [17]. To describe impurity diffusion
one must of course consider the jump frequency of the
impurity atom into a neighboring vacant site. However,
in addition, the situation is complicated by the fact that
in the presence of an impurity the jump frequencies of host
atoms surrounding the impurity are different compared
with that in the pure element system, and one must con-
sider each of these distinct atomic jumps to describe impu-
rity diffusion with its correlation factor. Le Claire and
Lidiard [10] described diffusion in dilute fcc alloys with
dilute vacancy concentration in terms of five jump frequen-
cies as:

Dy fa wy wi wy

Do fo wo w3 w 1)

In this equation D; is the diffusion coefficient of the impu-
rity atom in the host lattice, Dy is the self-diffusion coefficient
of the pure host element, f5 is the correlation factor for impu-
rity diffusion, £ is the self-diffusion correlation factor and w;
(=0 — 4) are the five jump frequencies as illustrated in
Fig. 1. wyis the host atom jump in the absence of an impurity,
wy is the jump for a host atom (nearest neighbor to an impu-
rity) jump which does not “dissociate” the impurity from the
vacancy, w, is the impurity atom jump, wj is the host atom
jump which “dissociates” the impurity and vacancy and wy
is the reverse of jump ws, i.e. the host atom jump that “asso-
ciates” the impurity and vacancy.

The impurity diffusion correlation factor, f>, is related to
the probability of the impurity atom making a reverse jump

Wo
Wy 4
e o Solvent atom
1
W,
Solute atom 4y
O | s L9
O i Vacancy W, 3
o ws
1 »
%) w
4
@

Fig. 1. Five frequency model illustration for the case of an fcc system with
a dilute impurity concentration. The arrows indicate the direction of the
vacancy jump and the numbers 7 stand for the nth nearest neighboring site
to the impurity. For the cases of wy, w, and w3 jumps the vacancy position
adjacent to the solute is indicated by a solid box and filled circles indicate
solvent atoms that make these jumps. For jumps wy and wy the vacancy
position away from the solute is indicated by a dotted box and the solvent
positions for these jumps are indicated by open circles.

back to its previous position. It includes the probability
(function F) of the vacancy returning to its position after
disassociation by a ws jump, and is given by Le Claire
[18] in terms of the jump frequencies via the following
expression:

_ 1+ 3.5(ws/wi)F(wa/wp)

1 + (Wz/Wl) + 35(W3/W1)F(W4/W0) '
By explicitly considering the probabilities of the vacancy
returning from second, third and fourth nearest neighbor-

ing positions to its original position, F' was defined by Man-
ning [19] as:

f2 2)

10x* + 180.5x° + 927x2 + 1341
F(x)=1- 7 (3)
7(2x* + 40.2x3 + 254x2 + 597x + 435)

where x is wa/wo.
Based on transition state theory (TST), the atom jump
frequency is written as [20];

w = v"exp(—AH,,/ksT), (4)

where AH,, is the change in enthalpy of the system between
the state in which the diffusing atom is in its initial equilib-
rium lattice position (hereafter referred to as the initial
state) and the state in which it is at the saddle point along
the diffusion path (hereafter referred to as the transition
state), and v* is the effective frequency described by Vine-
yard [21] as the quotient of the product of vibrational fre-
quencies of the initial state v; to that of the non-imaginary
frequencies of the transition state v,. For a system with N
vibrational degrees of freedom v* is given by:

N
V= gli,‘ll‘:/ ) (5)
i=1 Vi
As illustrated in Fig. 1, three types of w; and w4 jumps
are possible in an fcc lattice, depending on whether the sec-
ond, third or fourth nearest neighboring site to the impu-
rity is involved in the jump process. The five frequency
model assumes that the three types of each jump are equiv-
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Fig. 2. Impurity jump frequency and correlation factor as a function of
temperature of Mg, Si and Cu in Al from LDA.
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alent and thus have the same jump frequencies. In addition,
wjs is simply the reverse of w4 and hence these two jumps
have the same transition state, resulting in the expression
[22]:

Wy AG;,
Wi _ A6y 6
M exp ( kBT), (6)

where AG}, is the solute—vacancy binding free energy repre-
senting the free energy difference between the state where
solute and vacancy are nearest neighbors (initial state of
w3 and final state of wy) and the state where they are sepa-
rate (initial state of w4 and final state of wy).

Eq. (1) is a valid description of the impurity diffusion
coefficient in an fcc system with a dilute impurity concen-
tration. However, it is often convenient to represent this
equation in an Arrhenius form to obtain the pre-factor
and activation energy of impurity diffusion. Combining
the expression describing the self-diffusion coefficient [9],

AG,
DO :be()Coaz with CO =exp | — f 7
kzT

with Eq. (6) we can write Eq. (1) as:

AG, — AGb>

% (7)

D2 :szZCIZ eXp (—
where a is the lattice parameter and AG;. is the free energy
of vacancy formation in the pure host system. Representing
AGf — AG, as AGy, the free energy for vacancy formation
minus the solute—vacancy binding [18], along with the asso-
ciated enthalpy and entropy, AH, and ASy, and substitut-
ing wy = v exp(—AH,,/kzT), the impurity diffusion Eq.
(7) can be expressed in an Arrhenius form as [22]:

fra® vt exp (Ak—if)
D, =

exp <k3d1n£i/rd(1/r))
AH, + AH,, — 1 1/T
X exp (_( f + m kijl;d l'lfz/d( / )))7 (8)

where the activation energy is given by
0 = AH, + AH,, — ksd1n f2/d(1/T)
and the diffusion pre-factor is

fra®Vv* exp (Ak%)
- exp (kgdhﬁ/]_d(l/ﬂ) ’

We note that the temperature dependence of f; from Eq.
(4) contributes to the activation energy of impurity
diffusion.

D,

3. Methodology

For the first principles calculations we use the Vienna ab
initio simulation package ||[VASP| [23] with projector aug-
mented wave (PAW) potentials [24,25]. The potentials used

for each of the elements Al, Mg, Si and Cu do not treat any
semi-core states as valence. We have compared results
using both the local density approximation (LDA) [26]
and the generalized gradient approximation (GGA) [27]
for the exchange correlation. Convergence tests indicate
that a Monkhorst-Pack k& point mesh of 11 x 11 x 11
and an energy cut-off of 300 eV are suitable to yield con-
verged impurity migration barriers within 0.01 eV. Similar
convergence of the energetics is obtained in tests using
supercells with 32 and 64 lattice sites. Hence, we employ
supercells with 32 lattice sites (2 x 2 x 2 conventional fcc
cells), replacing one host atom with an impurity atom.
The thermodynamic properties of the initial and transi-
tion states of a jump need to be determined to calculate its
Jjump frequency (w;) using Eq. (4). Each initial state is com-
pletely relaxed with respect to internal coordinates, volume
and shape. We quantitatively determine the transition state
with the saddle point along the minimum energy diffusion
path by nudged elastic band (NEB) [28] calculations. We
first tested an eight image versus single image NEB calcu-
lation for the wy jump, and finding good agreement for
these relatively high symmetry jumps we performed simply
single image calculations for the other jumps. Conducting
NEB calculations is specifically important for the case of
jumps wy, w3 and wy with asymmetry between the initial
and final states. (For the jumps wy and w, the initial and
final states are equivalent and hence there is high symmetry
in the jump geometry. Hence, NEB results often give the
obvious guess, i.e. the center point between the initial
and final positions of the diffusing atom.) Three of the
jumps, wy, wp and wj, have the same initial state, with
the vacancy adjacent to the impurity atom, and two jumps,
ws and wy, have the same transition state since they repre-
sent the same atomic jump, just in opposite directions. For
the w; jump both the initial and transition states of the
jump in the pure host system need to be considered.
Phonon frequencies are calculated using the direct force
constant supercell approach [29] as implemented in the
Alloy Theoretic Automated Toolkit (ATAT) [30] package.
The same energy cut-off and & point mesh size as for total
energy calculations are used for the vibrational calcula-
tions. We obtain v* from Eq. (5) using phonon frequencies
from the I point wave vector. It has been observed in our
previous work [9] that anharmonic effects from volume
expansion are negligible for aluminum. Hence, in the pres-
ent work we adopt the harmonic approximation (HA). The
migration barrier is then obtained as the difference between
the energies of the relaxed configurations at 0 K (E,) of the
initial and transition states of a jump. There exists an error
in the energetics of vacancy-containing systems obtained
from density-functional theory due to an overestimation
of the energy of the vacancy, which may be viewed as an
internal “‘surface” [31]. This surface error is seen to be
smaller for LDA than for GGA [32] due to cancellation
of errors within the exchange and correlation functions of
the total energy [33]. Corrections for this error (referred
to as the surface correction) for the different jumps in an
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impurity containing system are not available in the litera-
ture. We use the computed migration barriers directly with-
out any correction along with the vibrational pre-factors to
obtain the jump frequencies and, subsequently, the impu-
rity correlation factor.

Knowledge of the self-diffusion coefficient along with
the calculated five jump frequencies and the impurity diffu-
sion correlation factor allows one to obtain the impurity
diffusion coefficient using Eq. (1). We use our first princi-
ples calculated Al self-diffusion coefficient [34] (without
surface correction) to obtain the impurity diffusion coeffi-
cient in Al, illustrated in Figs. 3-6. In order to obtain the
individual diffusion parameters, i.e. the diffusion pre-factor
and the activation energy (Eq. (8)), the enthalpy and
entropy of vacancy formation in pure Al and the enthalpy
and entropy of vacancy-solute binding are calculated fol-
lowing standard thermodynamic relations [35] from the
respective free energy expressions:

. N -1\ ..
AGJ = GPS - (T) GISO,

AG, = —(Gj§ = Gyy)

©)

where Gpg is the free energy of the system without any
vacancies and Gjy, Go and G}y are the free energies of
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Fig. 3. Diffusion coefficient of Mg in fcc Al, comparing results from LDA
and GGA with experimental data [43-49].
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Fig. 4. Diffusion coefficient of silicon in fcc Al, comparing results from
LDA and GGA with experimental data [5S0-53].
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Fig. 5. Diffusion coefficient of copper in fcc Al, comparing results from
LDA and GGA with experimental data [15,53-56].
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Fig. 6. Calculated diffusion coefficients of the impurities Mg, Si and Cu in
Al in comparison with Al self-diffusion [9].

the initial states of the system for wy, wy and wy jumps,
respectively. Again, no surface correction is added to the
energetics of these states with vacancy. The free energies
are calculated from the total energies (E.) and the vibra-
tional frequencies, following the harmonic approximation
[36]:

G(T) =Ec+ kT Z ln{Zsinh {;;Vé—g}} (10)

where the summation j is over the vibrational frequencies
at each wave vector g¢.

4. Results and discussion

Table 1 illustrates our calculated enthalpy and entropy of
vacancy formation (AH ,, AS ) and migration barrier (AH,)
in pure Al, as well as the enthalpy and entropy of solute—
vacancy binding (AHj, AS)) and migration barrier (AH,,)
of Mg, Si and Cu in Al. Where available, these quantities
are compared with experimental measurements. We find a
good agreement between our first principles calculated ener-
getics and experimentally measured quantities. Our solute—
vacancy binding energies (Table 1) also compare very well
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Table 1

Calculated enthalpy and entropy of solute-vacancy binding (AH,, AS}) and solute migration barrier (AH,,) in system with impurity, and enthalpy and
entropy of vacancy formation (AH;7 AS;) and migration barrier (AH,,) in pure system, from LDA and GGA (without surface correction) in comparison
with experimental data. Experimental migration barriers are deduced from activation energy and enthalpy of vacancy formation of the indicated

references, assuming effect of correlation to be zero.

System Enthalpy (eV) AH} or AH), Entropy (kp) AS; or AS, Migration barrier (eV) AH:n or AH,
LDA GGA Experimental LDA GGA Experimental LDA GGA Experimental
Al 0.71 0.55 0.67 +0.03 [57] 1.21 1.18 1.10 [57] 0.58 0.52 0.59 +0.03 [15]
Al-Mg —0.07 —0.08 —0.01 +0.04 [38] —0.27 —0.32 —0.10 + 0.50 [38] 0.42 0.38 0.67 £ 0.07 [45]
Al-Si 0.11 0.10 0.03 [38] 0.44 0.33 —2.00 [38] 0.55 0.479 0.64 +0.03 [52]
Al-Cu 0.03 0.01 +0.12 [38] 0.16 —0.51 +1.50 [38] 0.57 0.476 0.73 £0.15 [15]

with the previous first principles work of Wolverton [37],
who used 64 atom supercells. We also report solute-vacancy
binding entropies, however, there is a discrepancy with
experimental data for these binding entropies. We suspect
that this discrepancy may be due to the use of non-equilib-
rium quenching methods to obtain the experimental values
of binding entropies, as discussed by Balluffi and Ho [38].
From Table 1 it can also be seen that the energetics of
vacancy formation and atom migration in pure and impurity
containing systems from LDA show better agreement with
experimental data than those from GGA. Thus the results
from the current work strongly support the conclusion from
previous studies [32,33] that LDA has a smaller surface cor-
rection error than GGA.

The LDA calculated results for different jumps are given
in Tables 24 for Mg, Si, and Cu impurities in Al and the
impurity jump frequencies with respect to temperature are
plotted in Fig. 2. It can be seen from these data that the
lowest jump frequency (w;) of Cu in Al arises from the
low v* and high AH,, Similarly, the highest jump frequency
of Mg in Al comes from the high v* and low AH,,,. Further,
from Eq. (2) we note that the greater the frequency of the
impurity jump w, and the lower the frequencies of jumps
wy and w3, the lower the resulting impurity diffusion corre-
lation factor, indicating a highly correlated motion of the
impurity atom. This behavior is clearly reflected in the data
tabulated in Table 4.

The various correlation factors are also plotted in Fig. 2
as a function of temperature. The Cu and Si diffusion cor-

Table 2
Calculated migration barriers AH,, (eV) of the five jumps of different
impurities from LDA.

Impurity wo wy Wo ws o
Mg 0.58 0.68 0.42 0.50 0.57
Si 0.58 0.52 0.55 0.66 0.55
Cu 0.58 0.38 0.57 0.61 0.59
Table 3

Calculated v* (THz) for the five jumps of different impurities from LDA.
Impurity Wo wy wa w3 Wq
Mg 16.6 21.8 18.6 13.3 17.1
Si 16.6 10.9 15.7 223 13.7
Cu 16.6 13.6 10.9 32.6 50.7

relation factors are nearly constant, while the Mg diffusion
correlation factor increases with temperature. This temper-
ature dependence effectively contributes a value of 0.068 eV
to the activation energy of Mg diffusion in Al through the
—kgd In f5/d(1/T) term in Eq. (8). The diffusion pre-factor
(D,) and activation energy (Q) are listed in Table 5, show-
ing that there is a positive correlation between the size of
the pre-factor and the size of the activation energy, specif-
ically Dy—mg > Do—cy > Do—si and Owng > Ocy > Osi. This
correlation is an example of the ubiquitous Meyer—Neldel
compensation law [39] which is observed in many thermal
activated Arrhenius-type processes. According to this law
the diffusion coefficient of solutes with greater activation
barriers is compensated by an increased diffusion pre-
factor.

Our first principles calculated impurity diffusion coeffi-
cients are shown in Figs. 3-5. We find that the diffusion
results from LDA are in excellent agreement with the
experimental data. It should be noted that although the
computed diffusion coefficients match well with experi-
ments, there are discrepancies in the values of activation
energy and diffusion pre-factor, as can be seen in Table 5.
It has also been previously observed [11,40] that experi-
mental activation barriers are consistently high compared
with computational results. One possible reason for this
discrepancy could be the experimental D, and Q values
being evaluated in small temperature ranges at high tem-
peratures. However, further investigation of this discrep-
ancy is warranted.

All of the calculated impurity diffusion coefficients for Si,
Mg, and Cu in Al are plotted together in Fig. 6. From this
figure we see a clear trend in diffusivities: Dg; > Dyg > Dcy.
We wish to understand this trend. Prior studies [6,12-16]
have described trends in solute diffusivity in terms of the sol-
ute atomic size and its excess valence or its solubility in the
host element. However, these simple characteristics alone
do not lend themselves to a simple explanation for our
results: Si, the fastest diffuser of the three impurities, has
an atomic radius (r) intermediate between Mg and Cu [41]:
rae(1.597A) > rsi(1.392A) > rey(1.284A).

Also, Cu, the slowest diffuser of the three, has a solubil-
ity (s) in Al intermediate between Mg and Si:

Smg > Scu > Ssi
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Calculated five jump frequencies (Hz) and correlation factors for impurities diffusion along with jump frequency ratios entering Eq. (1). Results listed are
for T'=400 K using AH,, from Table 2 and v* from Table 3.

Impurity Wo wy Wy f wilws wolwy
Mg 8.31e5 5.81e4 1.09¢6 0.16 0.01 1580
Si 8.31e5 3.35¢6 1.76e6 0.66 27.02 0.56
Cu 8.31e5 2.39e8 1.87¢6 0.99 354.98 0.003
Table 5

Diffusion pre-factor and activation energy from current LDA calculations to data in comparison with experiments and other theoretical calculations along
with the assessed data by Du et al. [58]. For comparison, Dy is 6.6e—6 and Q is 1.29 for pure Al [9].

System property

Present

Experimental data

Other computations

Dy (m?/sec) Mg

Si

0 (eV) Mg

Si

Cu

1.19e-5

3.66e—6

4.37e—6

1.27

1.25

6.23e—6 [46]
1.24e—4 + 0.22¢—4 [45]
le—4 [48]

6.6e—5 + 1.7e—5 [49]
1.49¢—5 [58]

2e—4 £ 0.66e—4 [43]
3.1e—5 [51]

3.5¢—5 & 5e—6 [52]
1.38¢—5 [58]

6.47e—5 [15]
2.9e—5 [56]
4.44e—5 [58]

1.19 [46]

1.35 4 0.05 [48]
1.29 4 0.015 [49]
1.25 [58]

1.41 4 0.03 [43]
1.33[51]
1.28 [52]
1.22 [58]

1.4 +0.01 [15]
1.35 4 0.07 [56]

1.24e—4 [1]

3.46e—5[1]

6.5e—5[1]

1.35 1]
1.2 [40]
113 [11]

1.28 [1]
1.0 [40]
1.15 [11]

14 1]
1.18 [11]

1.39 [58]

for temperatures just below the melting point of Al [42].
Trends in diffusivities have often been correlated with the
trends in activation energies or even migration barriers
[6,12,13,15]. However, we see that these simple descriptors
do not even provide a qualitative explanation of the diffu-
sion coefficients: Mg has a higher activation barrier than
Cu and yet has a higher diffusivity than Cu; also, Mg has
a lower migration barrier than Si but nevertheless has a
lower diffusivity. Hence, for a quantitative understanding
of the diffusion coefficients, or even a qualitative descrip-
tion of the trends, we find that it is crucial not only to as-
sess the migration barriers and activation energies, but also
to understand in detail the underlying factors entering the
diffusion pre-factor, including the contribution of the cor-
relation factor.

5. Conclusions
We have illustrated how impurity diffusion coefficients

can be predicted directly from first principles without any
empirical or fitting parameters. Specifically, we have used

DFT static (energy) and dynamic (vibrational) calculations
to obtain the correlation factor through a five frequency
model, the impurity jump frequency within the framework
of transition state theory and the free energies of vacancy
formation and vacancy-solute binding. We use our frame-
work to calculate the impurity diffusion coefficients of Mg,
Si and Cu in dilute fcc Al alloys. Using our approach we
are able to obtain the values of individual diffusion param-
eters along with the diffusion pre-factor D, and activation
energy Q. The results match well with the experimental
data. Both the diffusion pre-factor and the activation
energy are key to a quantitative description of solute diffu-
sivities, and we find that even the qualitative trends of dif-
fusivity in Al may not always be inferred from activation
energies or migration barriers alone.
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