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Abstract

The effect of applied mechanical strains on the ferroelectric and dielectric properties of a model single crystal is investigated using
a phase field model based on the time-dependent Ginzburg-Landau equation, which takes both multiple-dipole—dipole-electric and
-elastic interactions into account. The evolution of the ferroelectric domain structure is simulated at different temperatures and
applied strains. The results show that the paraelectric/ferroelectric phase transition temperature linearly increases with the applied
mechanical strain under mechanical clamping conditions. Analogous to the classical Ehrenfest equation, a thermodynamics equa-
tion is derived to describe the relationship between the transition temperature and the applied strain. The change in the domain
structure with temperature under applied inequiaxial strains is different from that under applied equiaxial strains. The simulations
also illustrate the changes in the coercive field, the remanent polarization and the nonlinear dielectric constant with the applied

strain.
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1. Introduction

Ferroelectric materials have become preferred materi-
als in a wide variety of electronic and mechatronic de-
vices due to their pronounced dielectric, piezoelectric,
and pyroelectric properties. In applications, ferroelectric
devices usually undergo external mechanical loading,
such as the mismatch strain between a ferroelectric thin
film and its associated substrate, or hydrostatic pressure
in deep-water environments, etc. Mechanical loads and/
or constraints may cause lattice distortion, domain wall
motion, and changes in the domain structure [1] and
thus shift the paraelectric/ferroelectric phase transition
temperature and vary the ferroelectric and dielectric
properties. These effects induced by mechanical loads
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and/or constraints may enhance or damage the perfor-
mance of devices made of ferroelectric materials. There-
fore, it is of great importance to understand and predict
the effects of applied mechanical strains on the paraelec-
tric/ferroelectric phase transition and on the ferroelectric
and dielectric properties of ferroelectric materials.

A ferroelectric material exhibits spontaneous polari-
zation, spontaneous strain and a domain structure be-
low its Curie temperature. Inside an electric domain,
microscopic polarizations are homogeneously distrib-
uted and have the same orientation. A domain structure
consists of domains, which have different orientations,
and boundaries between the domains, which are called
domain walls. Sufficiently high electrical and/or mechan-
ical loads can change the polarizations and thus result in
domain nucleation, domain wall motion, domain
switching and/or a complete change in the domain struc-
ture. When a sufficiently high applied electric field
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revises its direction, the macroscopic polarization of an
electric field-loaded ferroelectric material will switch
180° and exhibit a hysteresis loop of polarization versus
the electric field. The coercive field, the remanent polar-
ization and the nonlinear dielectric constant are all de-
fined based on the hysteresis loop. In addition to
electric fields, temperature and mechanical loads and/
or constraints play important roles in the material
behavior of ferroelectrics. For example, spontaneous
polarization decreases as temperature increases and van-
ishes above the Curie temperature in a ferroelectric
material. A high applied compressive stress is able to
convert a polydomain structure into a single domain [2].
In the study of the effects of temperature, external
mechanical loads and/or constraints on the phase dia-
gram, the spontaneous polarization, the coercive field,
the remanent polarization and the dielectric constant
of ferroelectrics [3-14], thermodynamic theories are
widely employed. For example, Oh and Jang [9] devel-
oped a two-dimensional (2D) thermodynamic model to
investigate the effects of film stresses on the phase stabil-
ity and various ferroelectric properties of epitaxially
oriented Pb(Zr,Ti)O5 thin films. A nonlinear thermody-
namic theory was used by Emelyanov et al. [8] to de-
scribe the influence of external mechanical constraints
on the ferroelectric, dielectric and piezoelectric proper-
ties of epitaxial thin films. They predicted that the
stress-induced ferroelectric-to-paraelectric phase transi-
tion might take place at room temperature in a BaTiO3
or PbTiO; thin film subjected to a large compressive
mismatch strain. Phase field models are based on ther-
modynamic theories and kinetics and take into account
the gradient energy, i.e., the domain wall energy, and the
multiple-dipole—dipole-electric and -elastic interaction
energies, which play important roles in the formation
of domain structures and in the arrangements of dipoles
at the domain walls [15,16]. Moreover, phase field
models allow us to calculate the evolution of a micro-
structure, thereby providing detailed information about
the microstructure and the material behavior [15-24].
In a phase field model, thermodynamic energies are
described in terms of a set of continuous order parame-
ters. The temporal evolution of a microstructure is ob-
tained by solving kinetic equations that govern the
time-dependence of the spatially inhomogeneous order
parameters. A phase field model does not make any
prior assumptions about transient microstructures,
which may appear on a phase transformation path.
Phase transformation is a direct consequence of the min-
imization process of the total free energy of an entire
simulated system. Phase field models have been widely
used to study the domain structures in ferroelectric
materials and polarization switching [15-17,25-31].
For instance, Cao and Cross [25] proposed a 3D Lau-
dau-Ginzburg model to describe the tetragonal twin
microstructure in ferroelectrics. They presented quasi-

1D analytic solutions for the space profiles of the
order parameters for 180°- and 90°-twin microstruc-
tures. Based on the time-dependent Ginzburg-Landau
equation, Nambu and Sagala [26] simulated domain
structures in ferroelectrics with consideration of multi-
ple-dipole—dipole-elastic interactions. By taking into
account multiple-dipole—dipole-electric and -elastic
interactions, Hu and Chen [15,16] conducted 2D and
3D phase field simulations of ferroelectric domain struc-
tures and found that the multiple-dipole-dipole-elastic
interactions played a critical role in the formation of
the twin microstructures, whereas the multiple-dipole—
dipole-electric interactions were responsible for the
head-to-tail arrangements of the dipoles at the twin
boundaries (domain walls). Li et al. [28,29] extended
the phase field model to study the stability and evolution
of domain microstructures in thin films. Ahluwalia and
Cao [30,31] investigated the size dependence of domain
patterns and the influence of dipolar defects on the
switching behavior of ferroelectrics. Recently, Wang
et al. [17] simulated ferroelectric/ferroelastic polarization
switching based on a phase field model, which took into
account the multiple-dipole—dipole-electric and -elastic
interactions. Following this previous work [17], the
present work further studies the effect of applied mech-
anical strains on a single crystal under fully clamped
conditions.

The effect of applied mechanical strain on the phase
transition and on the ferroelectric and dielectric proper-
ties of a fully clamped single crystal is investigated in the
present work using a phase field model that is based on
the time-dependent Ginzburg-Landau equation and
takes the multiple-dipole-dipole-clastic and -electric
interactions into account. We numerically simulate the
electric field dependence of the polarization under differ-
ent applied mechanical strains, which yields the nonlin-
ear hysteresis loops of polarization versus external
electric field under different applied strains. From the
hysteresis loops, we have the changes in the coercive
field, the remanent polarization and the nonlinear
dielectric constant with the applied strains.

2. Simulation methodology
2.1. General approach of the phase field model

The paraelectric-to-ferroelectric phase transition oc-
curs in a ferroelectric material when its temperature is
lower than its Curie point. The spontaneous polariza-
tion vector, P = (P, P», P3), is usually used as the order
parameter to calculate thermodynamic energies of the
ferroelectric phase in the Laudau phase transformation
theory. In phase-field simulations, the time-dependent
Ginzburg-Landau equation,
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is generally used to calculate the temporal evolution,
where L is the kinetic coefficient, F'is the total free energy
of the system, 0F/dP(r,t) represents the thermodynamic
driving force of the spatial and temporal evolution of
the simulated system, r denotes the spatial vector, r =
(x1, X2, x3) and ¢ denotes time. The total free energy of
the system includes the bulk free energy, the domain wall
energy, i.e., the energy of the spontaneous polarization
gradient, the multiple-dipole—dipole-electric and -elastic
interaction energies, and the elastic energy and the elec-
tric energy induced by applied electrical and mechanical
loads.

The bulk Landau free energy density is commonly ex-
pressed by a six-order polynomial of the polarization
components

fu(P) = oy(P} + P53+ P3) + oy (P} + P+ P3)
+ 012 (P1P5 + P3P3 + PIP3) + oyy (PS + PS
+ P3) + o1 [(P{(P; + P3) + Py(P} + P3)
+ P{(P} + P3)] + 0123 P{ P3P, (2)

where o, a2, %111, %112, %123 are constant coefficients
and o; = (T — Ty)/2¢¢Cy. T and T, denote the tempera-
ture and the Curie-Weiss temperature, respectively. Cy
is the Curie constant and ¢, is the dielectric constant
of vacuum.

In the Ginzburg-Landau theory, the free energy func-
tion also depends on the gradient of the order parame-
ter. For ferroelectric materials, the polarization
gradient energy represents the domain wall energy.
For simplicity, the lowest order of the gradient energy
density is used here, which takes the form:

f6(Piy) = 3Gn (Pl + Py, + Pi3) + Gia(P1iPay
+ P,,P35+ Py 1 P33) + %G44[(P1,2 + Pz,l)2
+ (Pos+ P32)* + (P13 + P3y)’]
+ %Gim[(Pl,z — 11’2_,1)2 + (P23 — 103‘2)2
+ (P13 — P31)), (3)

where Gy, G», Ga and G, are gradient energy coeffi-
cients, and P;; denotes the derivative of the ith compo-
nent of the polarization vector, P;, with respect to the
jth coordinate and i,j =1,2,3.

The elastic energy density, including the multiple-di-
pole—dipole-elastic interaction, is calculated from

fela = %Cijkl 8?}3821137 (4)

where ¢, are the elastic constants and 8?}"‘ are the elastic
strain and take, if there is no applied strain, the form of

et = ¢ — &0 in which sf;) and ¢, are the local strain

ij ij ij

and eigenstrain, respectively. The local strains, sgj), re-
lated to the polarization, are calculated based on the
general eigenstrain theory described as follows. The
eigenstrains are linked to the polarization components

in the following form:
&l = 01 P} + O (P; + P3),

522 = Qllpg + le(P§ er%)’
823 = Qlng + le(P% er%)’

(5)
883 = QPP
8(1)3 = Oy P1Ps3,
8(1)2 = 0y P1P,

where Qy1, Q1> and Q44 are the electrostrictive coeffi-
cients according to Voigt’s notation. When a dipole is
among other dipoles with different orientations, there
exist long-range dipole—dipole-elastic interactions. The
long-range elastic interactions play an essential role in
the formation of a domain structure. A twin-like do-
main structure is formed when multiple-dipole—dipole-
elastic interactions predominate [26]. It is still a
challenging task to calculate the long-range elastic inter-
action energy for arbitrary boundary conditions analyt-
ically. However, with periodic boundary conditions,
which are adopted in this study, the general solution
of the elastic displacement field is given in Fourier space
by [32]

ﬁgs)(g) :XjNij(g)/D(f)7 (6)

where X; = —ic,:,-k,sgléj, i=+v—1, N;(&) are cofactors of
a 3 x 3 matrix K(¢),

K Kip Kis
K(¢) = | Ky K»n Ky (7)
K3 K3y K

and D(&) is the determinant of matrix K(&). Note that
Kii(&) = ey, in which ¢y and &; are the elastic con-
stant components and coordinates in Fourier space,
respectively.

For ferroelectric materials with the perovskite crys-
tal structure, spontaneous polarization changes the
crystal system from cubic to tetragonal. In the present
simulations, we use the cubic paraelectric phase as the
background material such that all electric dipoles are
embedded within the background material. Below
the Curie temperature the elastic properties of a ferro-
electric tetragonal crystal are not cubic and are inho-
mogeneous for a multi-domain structure. For
simplicity, the cubic and the homogeneous approxima-
tions for the elastic properties are made to obtain the
elastic field as in the previous works [26-31]. For cu-
bic crystals, the explicit expressions of D(&) and Ny(&)
are
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D(&) = 1P (A+2u+ )&
QA+ 2u+ )EEE+ EE+EE)
+UPBA+ 3+ 1) EEE, (8)
Nu(&) = 128 + pE(E + &) +158,
Np=—-(A+ M)flfz(ﬂfz + u/cfﬁ),

and the other components are obtained by the cyclical
permutation of 1, 2, 3, where

&=848 B=nl+u+u),
=W QA+2u+y), A=cp, w=cy and
/l, =cy — Cip — 2C44, (9)

in which, ¢, ¢j» and cy44 are three independent elastic
constants according to Voigt’s notation.

Spontanecous polarization changes the dimensions
and/or orientations of each crystalline cell in a ferroelec-
tric and thus produces elastic displacements, u®

1,2,3, and hence local strains, afj).

81(; = %(”1? + ”ji‘ )- (10)
When there exists an externally applied homogeneous

strain, %, the elastic strains, ¢, in Eq. (4) should be

911’ > Cij >

s +8 . (11)

i:

ela _ (s)
8[j —8

As descr1bed above, the elastic strain energy density,
_fela(Pnf'U ), is a function of polarization and applied
strains.

In the present phase-field simulations, each element is
represented by an electric dipole with the strength of the
dipole given by a local polarization vector. The electric
field produced by all dipoles forms an internal electric
field, which, in turn, exerts a force on each of the di-
poles. The multiple-dipole—dipole-electric interactions
play a crucial role in the formation of a head-to-tail do-
main structure and in the process of domain switching
as well [16]. The multiple-dipole—dipole-electric interac-
tion energy density is calculated from

Jaip = _lE('lipPia (12)

dip -

where E; " is the ith component of the electric field,

w1 [[PE) e—rlPE)-C=r)| o,
E% () = 4‘rl',8'/{1'—1'/|3 r—r }d

(13)
at point r, induced by all dipoles, in which ¢ is a linear
dielectric constant, which will be described in detail in
the followm% When there is an externally applied elec-
tric field, E an additional electrical energy density,

fé:lec = _Ega)Piv (14)

should be taken into account in the simulations.
Integrating the free energy density over the entire vol-
ume of a simulated ferroelectric material yields the total

free energy, F, of the simulated material under externally
applled strams ¢, and an externally applied electric

ij

field, E . Mathematically, we have
F= /[fL(P,-) + £ (Pij) + fap(Pi) + faee P, E)
4

+fela( ir€ z/ )] dV (15)

where V' is the volume of the simulated ferroelectric
material. By substituting Eq. (15) into Eq. (1), the tem-
poral evolution of the domain structures at different
temperatures and applied strains and the response of
polarization to an applied electric field under different
applied strains can be obtained after solving the equa-
tion numerically.

For convenience, we employ the following set of the
dimensionless variables for Eq. (1) [16,17]:

= || /Grior, = |o|Lt, P*=P/Py,
EN = EY /(|oolPy),
oy = o /|l
oy = o Po/|%l,
oy = 0Py /%],
QTl = QHng QTz = leP(z)a
e = en/(JolPY),
Cha = cas/(|%0|PF),
G, = Gu/Gno, G, = G12/Gi,
Gy = Gu/Go, Gy = Gy/Go,

o, = Py /|l

o1y = 2Py /o),

oy = an Py /o),

QZ4 = Q44P37
¢y = /(|| P5),

(16)
where Py is the magnitude of the spontaneous polariza-
tion at room temperature, Gy is a reference value of the
gradient energy coefficients and o represents the value
of a; at 25 °C. The superscript asterisk, *, denotes the
dimensionless value of the corresponding variable.

With the dimensionless variables and Eq. (15), we re-
write the time-dependent Ginzburg-Landau equation as

OP; (r*,1")
or
S JIAP) +fan(P) + fuee (PLLE ) + faa (P68 ) ] AV
B oP;
§ [ fa(P:)dv®
T. (17)

In Fourier space, Eq. (17) takes the form

S P(E ) = 7)) -

where P;(&,¢7) and {f(P!)} ¢ are the Fourier transforma-

tions of

P;(r",t) and

5 JIL(P)) + faip(P) + faree P E) + fua (P 6)] AV
oP; ’

G:P;(E, 1), (18)
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respectively. The G;s are the gradient operators corre-
sponding to the ith component of the polarization field
and are defined as follows:

G =G} & + (Gy + G (& + &),
Gy =G} &+ (Gy + G (& + &), (19)
Gy = GG+ (Gy + G (& + &)

The semi-implicit Fourier-spectral method [16] was em-
ployed to solve the partial differential equation (18).

2.2. 2D simulation and used parameters

Two-dimensional simulations are conducted under
the plane-strain condition with all the strains related
to the x3-axis being zero, although the methodology de-
scribed in Section 2.1 can be applied to 3D simulations
as well. In the present 2D simulation, the polarization
component, Ps is treated as zero. The dielectric con-
stant, ¢/, introduced in Eq. (13) is usually related to
the coefficient of the first right-hand term in Eq. (2),
i.e., the second order of polarizations. As mentioned
above, o = (T — T()/26yCy is a function of temperature
under the constant stress condition. Under the constant
strain condition, the coefficient of the second order of
the polarization should be modified to of =o—
(g6 + qpeld)) for Py and  to oS = oy — (g6 +

1111 12622 3 11622
q12¢iy) for Py in a 2D system (see Appendix A for de-
tails). In the present model, we wuse ¢ =
1/(20¢) for ES® and ¢ = 1/(205) for E3® when o and
o5 are larger than =zero, and ¢ = —1/(4of) for
E and ¢ = —1/(4«S) for ES? when of and of are
smaller than zero. Clearly, the dielectric constant, &', is
a function of the temperature and the applied strains.

Here, we set the magnitude of the spontaneous polar-
ization at room temperature to Py = [Po| = 0.757 C/m?,
the reference value of the gradient energy coefficients
to Gi1o=1.73x 1071 m* N/C? and the value of o, at
25 °C to O = X125 °.Cc = (T — TQ)/(280C0) = (25 — 479) X
3.8 x 10° m* N/C?, where T is the temperature with a
unit of °C [28]. The values of the dimensionless (normal-
ized) material coefficients of PbTiO5 used in the simula-
tions are listed in Table 1.

In the simulations, we use 32 x 32 discrete grid points
with a cell size of Axj = Ax =1 and adopt periodic
boundary conditions in both the x; and x, directions.
The periodic boundary conditions imply that the simu-
lated domain structure denotes the one periodic domain
structure of a model single crystal in which the domains

Table 1
Values of the normalized coefficients used in the simulation

are distributed periodically. The domain structure is rep-
resented by the polarization field, which varies spatially
and, at each grid, is characterized by a two-component
vector in the 2D simulations. The length and direction
of the vector denote the magnitude and direction of
the polarization, respectively. The time step is set to
Ar* = 0.04 and total number of steps is 2000 in solving
Eq. (18), which can ensure that the domain structure
reaches its steady state [17]. We report the simulation re-
sults only at the steady state.

3. Simulation results and discussion

3.1. The effects of external applied strain on the
ferroelectric properties

An equiaxial strain, & =& = ¢® with £2 =0,
was applied to the simulated system prior to simula-
tions. Figs. 1(a), (b), (c) and (d) show the ferroelectric
domain structures at room temperature under different
strains of ¢® =0.008, 0, —0.008 and —0.012, respec-
tively. Under ¢® =0.008, the domains form a twin
structure with 90° domain walls between two adjacent
domains. When the strain decreases from 0.008 to 0,
to —0.008, and to —0.012, the magnitudes of the sponta-
neous polarizations become smaller and smaller, as
shown in Figs. 1(a)—(d). Further decreasing the strain re-
duces the magnitude of the spontaneous polarization
eventually to zero and thus the domain structure
disappears.

Under the sustained strain boundary condition, the
change in the spontancous polarization causes a change
in the internal stresses. The internal stresses related to
the spontaneous polarization were calculated from
Hooke’s law as o7, = ¢, (e — 2))). Figs. 1(A), (B), (C)
and (D) show the stress distributions of 67, + ¢, corre-
sponding to the domain structures shown in Figs. 1(a),
(b), (c) and (d), respectively. Clearly, the internal stress
field is inhomogeneous due to the inhomogeneous distri-
butions of the spontaneous polarizations. The results
indicate that a tensile sustained strain enhances the mag-
nitude of the internal stresses, whereas a compressive
sustained strain reduces it. This is because a tensile (or
compressive) sustained strain increases (or decreases)
the magnitude of the spontaneous polarization.

Fig. 2 shows the temperature dependence of the aver-
age spontaneous polarization for different applied
strains. The average spontaneous polarization, (P*,), is

% %2 %11 %12 %123 [ (73

* 3k K 3k * k. k. /%
[on ‘1 ‘12 Ca4 Gy G, Gy Gy

—0.24 2.5 0.49 1.2 -7.0 0.05 —0.015

0.019 1766 802 1124 1.60 0.0 0.8 0.8
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taneous polarization, while a compressive strain reduces
it. A continuous change of the average spontaneous
polarization with temperature implies that the paraelec-
tric/ferroelectric phase transition of PbTiOj; crystals is of

the second order under a sustained strain. Under a sus-
tained stress, however, the paraelectric/ferroelectric

phase transition is of the first order [13]. Applying a sus-

2500

Domain structures (a—d) and the corresponding stress distributions (A-D) at 25 °C under sustained equiaxial strains of 0.008 for (a)-(A); 0 for

(b)-(B); —0.008 for (c)-(C) and —0.012 for (d)-(D).

Fig. 1.

obtained by averaging the polarization magnitude,

P

%2

+ P32, at each grid, over the entire simulated

1

P

*
S

ferroelectric material. Under a sustained strain, the aver-

age spontaneous polarization decreases continuously
down to zero with an increase of temperature. At a given

temperature, a tensile strain increases the average spon-
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Fig. 2. Temperature dependence of the spontaneous polarization
under different sustained equiaxial strains; the inset shows the strain
dependence of the phase transition temperature.

tained strain linearly changes the phase transition tem-
perature, i.e., the Curie temperature, 7.. The linear
change is described by 7, =480 + 31,250 x @ and is
shown in the inset of Fig. 2, indicating that a tensile
strain linearly increases the Curie temperature, while a
compressive strain linearly reduces it. This result is dif-
ferent from the results from the effect of a misfit strain
on the transition temperature in ferroelectric thin films
[3,6,19], in which both the compressive strain and the
tensile strain linearly increase the Curie temperature.
This is because the plane strain condition is adopted
and Pj is treated as zero here, while the plane stress con-
dition, 033 = 013 = 0,3 = 0, is used and P; is treated as
nonzero in the ferroelectric thin films [3,6,19].

The average internal stress, (o), induced by the
spontaneous polarization was calculated by averaging
the internal stress, o7;, at each grid over the entire simu-
lated material. Under a sustained biaxial strain,
s(ﬁ) = .sg;) = ¢@, the average internal stresses in the x;
and x, directions are equal, i.e., (d},) = (6%,) = (¢%).
Fig. 3 illustrates the temperature dependence of the
average internal stress, (¢*), under different sustained
strains, showing that the average internal stresses are
all compressive. This is because only the spontancous
polarization-induced internal stress is considered and
the Curie temperature varies with the sustained strain.
For a given sustained strain, the magnitude of the aver-
age internal stress linearly increases as the temperature
decreases. The slopes of the curves are almost the same,
as shown in Fig. 3. Fig. 4 shows the strain dependence of
the average internal stress (¢*) at a constant tempera-
ture, indicating that there is a linear relationship be-
tween the average internal stress and the sustained
strain and that the average internal stress versus the sus-
tained strain for different temperatures has the same
slope.

0
-2
A 44
‘o
v ]
8
o -6+
@
P ]
g
o 8
>
< ]
-10 4
-12

T T T T T T T T T T T
100 200 300 400 500 600
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Fig. 3. Temperature dependence of the average internal stresses
induced by spontaneous polarizations under sustained applied strains.

Average stress, <6>
-]
1

T T T
-0.004 0.000 0.004

Applied strain, £

Fig. 4. Dependence of the average internal stress induced by sponta-
neous polarizations on the applied strain.

In a paraelectric/ferroelectric phase transition under a
sustained strain, the average internal stress, which is re-
lated to the spontaneous polarization, is a function of
temperature and the sustained strain in the absence of
external electric fields. Thus, we can write the average
internal stress, {(¢*), in a differentiated form:

o(a* ("
d(e*) = ( é‘?) K (a<:(a)>> de® = BdT +7de®,
gla T

(20)

where f§ = (0(¢*)/0T), denotes the change rate of the
average internal stress with temperature under a sus-
tained strain and y = (0(c*)/0¢™); stands for the
change rate of the average internal stress with the sus-
tained strain at a given temperature. Figs. 3 and 4 show
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that the average internal stress changes smoothly to zero
in the ferroelectric phase. Note that there is no internal
stress related to the spontaneous polarization in the
paraelectric phase because there is no spontaneous
polarization. Therefore, the average internal stress is
of continuity at the phase transition point, from which
we have d(g*)™ = d(¢*)P*. Then, from Eq. (20) we
have

dare Ay (21)
de@ Ap

where Af = 70 — P and Ay =TT _ P are the
discontinuous changes of f and y at the Curie point,
respectively. Noting that the average internal stress,
(6*), is zero in the paraelectric phase, we have fP*™® =0
and yP*™ = 0 and then A = ™ and Ay = ™. From
the simulation results shown in Figs. 3 and 4, we deter-
mine the average values of Af = ™ and Ay =y to
be 0.1075 and —3315, respectively, for the ferroelectric
phase. Substituting the average values into Eq. (21)
leads to

dr.  —3315

&~ 01075 087

or

To(e®) = To(e® = 0) + 30837, (22)

which is consistent with the equation obtained in Fig. 2.
For the second order ferroelectric phase transition under
constant pressure, the shift in the transition temperature,
T. with the hydrostatic pressure, p, is described by the
well-known Ehrenfest equation, d7./dp = As,/ Aay, in
which Aa, and As, are the discontinuous changes in the
volume expansions and in the compression coefficients
at the Curie point, respectively [33]. Clearly, Eq. (21) is
a modified version of the Ehrenfest equation, which
describes the shift of the transition temperature with the
sustained strain in a fully clamped ferroelectric material.

Fig. 5 shows the temperature dependence of the aver-
age spontaneous polarization under different inequiaxial
strains. Under the inequiaxial strain of 85"}) = 0.004
and &) =0 or & = —0.004 and £ =0, there is a
jump in the average spontaneous polarization from
point B; to point C; or from point B, to point C,, as
shown in Fig. 5. The changes in the domain microstruc-
ture with temperature corresponding to A;—B—C;-D;
and A,-B,—C,-D, in Fig. 5 are illustrated in Figs. 6
and 7, respectively. Along with the jumps in the average
spontaneous polarization in Fig. 5, the simulated ferro-
electric material changes its microstructure from a mul-
ti-domain state to a single-domain state, which is clearly
shown in Fig. 6B; and C; and in Fig. 7B, and C,. For
comparison, Fig. 8 shows the domain structures at var-
ious temperatures under the equiaxial strain of
g = &% = —0.004, corresponding to points Az Bs-
C;3-Dj3 in Fig. 5. Under the equiaxial strain, the simu-
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Fig. 5. Temperature dependence of the spontaneous polarization
under inequiaxial strains. An equiaxial case is also shown here for
comparison.

(=1

(Ay) 140°C (B1) 460 °C

(Cy) 480 °C

Fig. 6. Microstructures of ferroelectrics at different temperatures
under the applied inequiaxial strains of &2 = 0.004 and &% = 0.

lated ferroelectric material maintains its multi-domain
structure until the spontaneous polarization vanishes,
showing completely different behavior from that under
the inequiaxial strains.

3.2. The effects of external applied strain on the nonlinear
dielectric properties

To characterize the nonlinear behaviors of ferroelec-
tric materials under different levels of applied strains, we
simulated the polarization response to different levels of
external electric loading under different levels of applied

equiaxial strains of &\ = ¢\ = £®. The external electric
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(D) 470°C

Fig. 7. Microstructures of ferroelectrics at different temperatures
under the applied inequiaxial strains of ag”l) = —0.004 and r;dz) =0.
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(C3) 320°C (Dy) 350°C

Fig. 8. Microstructures of ferroelectrics at different temperatures
under the applied equiaxial strain of &2 = &% = —0.004.

field was applied along the x,-axis, where a positive or
negative electric field meant that the field was parallel
or anti-parallel to the x,-direction. At each level of elec-
tric loading, we calculated the evolution of the domain
structure based on Eq. (18). The volume averages of
the polarizations along the x,-direction at the steady
state were taken as the macroscopic response of the sim-

ulated ferroelectric material to the applied electric field.
In the simulations, the applied dimensionless field was
increased from zero to a designed positive value, then,
decreased from the positive value to zero and then its
direction was reversed and further decreased to a de-
signed negative value. After that, the applied electric
field was increased from the designed negative value to
the designed positive value. One cycle of the electric
loading gives the P-E loop of the average polarization,
(P3), versus the electric field, E(;)‘*. The P-E loops at
room temperature were calculated under eight different
levels of applied equiaxial strain. For example, Fig. 9
shows four P-E loops under the applied strains of
¢®=-0.02, £ =-0.01, & =—0.005 and ¢* =0.01.
Obviously, the hysteresis loop of the average polariza-
tion versus the electric field becomes smaller when the
external applied strain, &®, changes from 0.01 to
—0.01, and vanishes when ¢® = —0.02. The curve with
the applied strain, £® = —0.02, in Fig. 9 indicates that
the average polarization varies nonlinearly with the
external electric field without any hysteresis loop. The
vanishing of the hysteresis loop implies that the simu-
lated ferroelectric material loses its ferroelectric property
and is in the paraelectric phase, in which the polariza-
tion has the same direction as the external field. The
polarization distributions verify this conclusion. Figs.
10(A,), (By), (Cp), (Dp) and (E,) show the polarization
distributions corresponding to points A,, B,, C,, D,
and E;, in Fig. 9, respectively. If there is no applied elec-
tric field, i.e., at point C,, there is no spontaneous polar-
ization in the simulated material. In the paraelectric
phase, polarizations are induced by an applied electric
field and the magnitude of the polarizations increases
nonlinearly with the level of the applied field, as shown
in Fig. 9. The polarization distribution in the ferroelectric
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P
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.
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Fig. 9. Average polarization versus external applied electric field at
different applied equiaxial strains.
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(B)) E{"=035

Fig. 10. Distribution of polarizations at different applied electric fields
with the equiaxial strain of &l = &) = —0.02.

phase is totally different from that in the paraelectric
phase. FlgS 11(A0), (Bo), (CO), (Do), (Eo) and (Fo) show
the distributions of the polarizations at different levels of
electric fields corresponding to points Ag, By, Co, Dy, Eg
and Fy in Fig. 9 with an applied equiaxial strain of
¢® =0.01. During the decrease in the applied electric
field from 0.8 to —0.5, i.e., from point A, to point By,
as shown in Fig. 9, the average polarization decreases
smoothly, which is attributed to the domain wall mo-
tion, as indicated by the domain structures illustrated
in Figs. 11(Ag) and 11(By). A further decrease of the ap-
plied electric field from —0.5 to —0.07, i.e., from point
By to point Cy, cause the average polarization to de-
crease sharply, as shown in Fig. 9, which is attributed
to the nucleation of a new domain with a different polar-
ization direction from the parent domains, as illustrated
in the lower-left corner of Fig. 11(Cy). When the electric
field reaches the coercive field, the average polarization
jumps from positive to negative, as indicated by points
Co and Dy in Figs. 9. Figs. 11(Cy) and 11(Dy) illustrate
the domain structures before and after the jumps, thereby
indicating that the domain structure changes its config-

7
L

i

X2
X1

(Fo) EX*=0.7

Fig. 11. Distribution of polarizations at different applied electric fields
with the equiaxial strain of &2 = &2 = 0.01.

uration completely. When the applied electric field in-
creases from —0.8 to 0.5, to 0.7 and then to 0.8, i.e.,
from point Dy to point Eq to point Fy and to point A
in Fig. 9, the average polarization increases smoothly
by domain wall motion first and then increases abruptly
by the nucleation of new domains and finally switches its
direction completely by the entire change in the domain
structure, as illustrated in Figs. 11(Dy), (Eo), (Fo) and
(Ag). From the hysteresis loops, we determine the coer-
cive field, E7, at which the average polarization reverses,
and the remanent polarization, P}, i.e., the average
polarization, (P;), when the applied electric field is zero.
Fig. 12 shows the curves of the coercive field and the
remanent polarization versus the applied strain at a
room temperature of 25 °C. At the applied strain of
¢® =0.01, the coercive field and remanent polarization
are 0.75 and 0.547, respectively. Both the coercive
field and the remanent polarization decrease as the
applied strain, ¢®, is reduced. When the applied strain
decreases to —0.015, both the coercive field and the rem-
anent polarization are zero. Within the range from
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Fig. 12. Coercive electric field and remanent polarization versus
applied equiaxial strain.

¢ =-0.015 to ¢€® = 0.01, the variation in the coercive
field with the applied strain is approximately linear,
whereas the change in the remanent polarization is obvi-
ously nonlinear with the applied strain. The remanent
polarization changes greatly as the applied strain varies
from —0.013 to —0.015. The strain dependence of the
coercive field and the remanent polarization in Fig. 12
is very similar to the temperature dependence of the
coercive field and the remanent polarization [34], indi-
cating again that applied strains may have the same abil-
ity as temperature to vary and/or control the behavior of
ferroelectric materials.

In general, there are two kinds of dielectric con-
stants, linear and nonlinear dielectric constants, for
ferroelectric materials [35]. The linear or reversible
dielectric constant is defined by the slope of the P-E
curve at the origin under low levels of applied electric
fields such that no hysteresis loop is induced. The
nonlinear or irreversible dielectric constant is defined
as the slope of the P-E loop at the point with the
remanent polarization. In the present work, we stud-
ied the effect of applied equiaxial strain on the nonlin-
ear dielectric constant. From the P-E loops under
various levels of applied equiaxial strains, we calcu-
lated the nonlinear dielectric constants at room tem-
perature and plotted them in Fig. 13 as a function
of the applied strain. The nonlinear dielectric constant
increases from 0.17 to 3.84 when the strain decreases
from 0.01 to —0.015 and then decreases with the
strain after —0.015. There is a peak in the curve at
¢® = —0.015, at which the coercive field and the rem-
anent polarization both decrease from finite values to
zero, as indicated in Fig. 12. The vanishing of the
coercive field and the remanent polarization implies
that the simulated material loses its ferroelectric prop-
erty, i.e., the ferroelectric—paraelectric phase transition
occurs at that level of the applied strain, meaning that
the simulated PbTiOj is in the paraelectric phase when
the strain is less than —0.015, whereas it is in the fer-
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Fig. 13. Nonlinear dielectric constant versus applied equiaxial strain.

roelectric phase when the strain is greater than
—0.015.

4. Concluding remarks

In summary, a phase field model was employed to
study the influence of external applied strains on the
spontaneous polarization and the ferroelectric and non-
linear dielectric properties of a single crystal. The simu-
lation results indicate that applied mechanical loads
and/or constraints may have the power to tailor the
material properties of ferroelectric materials similar to
temperature, which allows us to control, modify and
fully utilize the material’s properties by controlling tem-
perature and/or the mechanical loads and/or constraints.

As described above, the strength of phase field simu-
lation is that it does not make any prior assumptions
about transient microstructures, which may appear on
a phase transformation path. Phase transformation is
a direct consequence of the minimization process of
the total free energy of an entire simulated system. Phase
field simulations of ferroelectrics have the power to exhi-
bit detailed ferroelectric domain structures and to inves-
tigate the effects of applied mechanics strains and
temperature. In particular, a phase field model of ferro-
electrics can simulate or/and predict material behaviors
under applied electrical and/or mechanical loading at
various temperatures. However, a phase field model is
a phenomenological one. Material parameters used in
simulations are selected by fitting real material behav-
iors in certain circumstances. The material parameters
may have a limited application region. Therefore, the
material behaviors predicted by the phase field simula-
tion should be verified by experiments. Once verified,
the theoretical model provides a deep understanding of
the material behaviors.
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Appendix A

The elastic energy density equation, Eq. (4), can be
rewritten as [28]

ot = Len [(£52)7 + (£52)7 + (£52)7)
+ enafeSies + eel + estagsh]

+ 2caf(e)” + (e53)" + (+55)°], (A1)

with three independent elastic constants, ¢q1, ¢ and ca4,
according to Voigt’s notation. After substituting Egs. (5)
and (11) into Eq. (A.1), the elastic energy density can be
separated into three parts,

Sela = felal + fela2 + felas, (A.2)

in which

Seta1 = Cll[( e Jr‘911 )2 (8552) JF'g(zz) ( €33 Jr'333) ]
+C12[(?11 +'9 )(?22 "‘?22) (e gz) +& )(?33 +833)

+ (311 "‘311 )(’9 Sz) +533 )l

2 2
+2cuf(e8) + &) + (e +e5) + (68 + &),
(A.3)

is the energy density related to the total strain,

faaz = Bu (P} + P35 + P}) + 1o (PIP3 + P3P + P1PY)
(A.4)

is the additional energy density due to the constant
strain constraint and

+Q12(?22 +822)+912 333 +?33 )]P2

fawz =—[qu (&) +&}) (&}

- [%1(522 +822>) +‘]12( 11 "‘811 ) +q12(8§53) +83z )]
— g0 (&) + &) + g (el + 7)) + g1 (5 + 2% )]P2

G &l +3(1a>)P P+ (823 "‘321 )P2P3

+ (& + 3PPy, (A.5)

(a)
€y
(a

is the interaction energy density between total strain and
polarization, where

B = %CII(Q%I +207,) 4 c1201,(201, + O1»),
Bio = 0120, + O12)

+en(0 + 307, +201,01) + 2cu0i,,
g1 = cn@y + 220,
g1, = cnQp + (0 + On),
Gas = 2¢44Q04y-

(A.6)

By combining Egs. (A.4) and (A.5) with Eq. (2), the
Landau expression can be rewritten as
SL(P) = 0P + a5P3 + oc‘;P2
- 2‘]44[(312 + "312 )PIPZ + (3(253) + Sg))P2P3
+ (1) + eY)P1Pa) + (o1 + Buy) (P} + P + P3)
+ (o2 + B1o) (PLP3 + P3PS + PiP3)
+ o (P} + P3 + PY) + auo[ (P (P + P3)
+ P3P+ P3) + P3(P] + Py)] + 043 PLP3 P,

(A7)
in which
o = o1 — gy (e +&7) + 1268 +88) + g (e + &),
o =0 — [‘]11(8%) + 3(2?) + 912(3§51> + 82'1)) + ‘112(8553) + 85?)])
o5 =0y — [‘111(8g53) + ‘55;)) + 412(3(1? + ‘L'<l‘1>) + ‘112(8552) + &(2;))]

(A.8)

According to the general eigenstrain theory, the local
strains, ¢, are inhomogeneous and their volume aver-

1] >
ages are zeros, i.e. <8§f.)) = 0, when the eigenstrains, s”,

are periodically distributed in an infinite elastic body
[32]. For simplicity, the value of the volume average of
Eq. (A.8) is usually and approximately used [28]. In this
case, Eq. (A.8) is reduced to

o = o — (18] + q128 + 41285,
o5 = — (q18% + el +qiesy), (A.9)
o = oy — (qllsgé) + q128ﬁ) + ‘]128%))-
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