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The effect of biaxial strain on the remanent polarization of epitaxial thin films of various
ferroelectric materials is studied using phenomenological Landau–Devonshire theory. It is shown
that the strain dependences of the remanent polarizations are strongly dependent on crystal
symmetries and film orientations. For �001�p-oriented ferroelectric films with �distorted�
rhombohedral symmetry, strain-induced polarization rotation leads to stronger strain dependences
than in ferroelectric films with tetragonal or orthorhombic symmetries. For �111�p-oriented
ferroelectric films with rhombohedral symmetry, however, the remanent polarization is less sensitive
to the biaxial strain. © 2009 American Institute of Physics. �doi:10.1063/1.3231444�

Biaxial strain, induced in epitaxial ferroelectric thin
films due to differences in lattice parameters or thermal ex-
pansion behavior between the films and the underlying sub-
strates, can result in enhanced properties compared to their
bulk counterparts.1,2 For example, enhancements of the
paraelectric to ferroelectric transition temperature �Tc� hun-
dreds degrees have been observed in strained BaTiO3 thin
films.1 Biaxial strain is thus recognized as a useful tool to
modify the properties of ferroelectric materials. It is still un-
clear, however, whether the strong coupling between strain
and polarization is a common feature of all ferroelectric ma-
terials. Recent first-principles studies3 and phase-field
simulations4 suggest that it is not universally true, and the
sensitivity to biaxial strain depends on the piezoelectric and
elastic properties of materials. Especially, �111�p-oriented
BiFeO3 films, where the subscript p denotes pseudocubic
indices, showed very little strain dependence of remanent
polarization, much smaller than the conventional ferroelec-
trics such as PbTiO3 and BaTiO3.3 On the other hand, ther-
modynamic calculations reveal the remanent polarization to
be very sensitive to biaxial strain for �001�p-oriented BiFeO3

thin films.5

In this study, we examine the effect of biaxial strain on
the remanent polarization, which is the out-of-plane compo-
nent of the polarization vector P, of several ferroelectric
materials using phenomenological Landau–Devonshire
theory.6,7 In particular, we determine the strain dependence
of the remanent polarization for �001�p-oriented BaTiO3,
PbTiO3, PbZr0.6Ti0.4O3, and BiFeO3 thin films at room tem-
perature. For comparison, we also calculate the strain depen-
dence of the remanent polarization for �111�p-oriented
BiFeO3 and PbZr0.6Ti0.4O3 thin films and discuss the differ-
ences in strain tunability between �001�p and �111�p-oriented
ferroelectric thin films.

If we set up a rectangular coordinate system x
= �x1 ,x2 ,x3� with the x1, x2, and x3 axes along the �100�p,
�010�p, and �001�p crystallographic directions of a ferroelec-
tric crystal, the free energy of the ferroelectric crystal as a

function of strain ��ij� and polarization P�P1 , P2 , P3� can be
written as

F = Fbulk + Felastic = �1�P1
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where �1, �ij, �ijk, and �ijkl are the phenomenological
Landau–Devonshire coefficients under stress-free boundary
conditions, cijkl are the elastic constants, and �ij

0 is the stress-
free strain caused by the polarization field, i.e.,

�ij
0 �i = j� = �Q11 − Q12�Pi

2 + � ,

�ij
0 �i � j� = Q44PiPj, � = Q12�P1

2 + P2
2 + P3

2� �2�

where Qij are electrostrictive coefficients in Voigt notation.
It should be noted that BiFeO3 is simultaneously antiferro-
magnetic and ferroelectric at room temperature. However,
experimental measurements showed that BiFeO3 has a
large spontaneous polarization but a quite weak saturated
magnetization.8 Therefore, the spontaneous magnetization
is expected to have an insignificant effect on the spon-
taneous polarization through magnetoelectric coupling,
and it is ignored in this work as an approximation. For a
�001�p-oriented ferroelectric thin film grown epitaxially on a
cubic substrate, biaxial strain is imposed along film/substrate
interface �x1−x2�; while all the stress components involving
the out-of-plane direction �x3� are zero due to the existence
of free film surface, i.e.,

�11 = �22 = e0, �12 = �21 = 0,

�13 = �31 = �23 = �32 = �33 = 0, �3�

where the biaxial strain e0 depends on the lattice parameters
and/or thermal expansion coefficients of the film and thea�Electronic mail: jxianzhang@hotmail.com.
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substrate. It should be noted that for thick ferroelectric films,
biaxial strain will also depend on the formation of disloca-
tions near film/substrate interface,7,9 which could be calcu-
lated following the approach, e.g., of Ban and Alpay.7 By
taking into account the above boundary conditions, Eq. �1�
reduces to

F = Fbulk +
c11 − c12

c11
�c11 + 2c12��e0 − �11

0 �2 + 2c44��12
0 �2. �4�

We can see that the elastic energy will be minimized when
the in-plane stress-free strains �11

0 �=�22
0 � equal to the biaxial

strain e0 and �12
0 =0. Any change to the polarization value,

however, would result in an energy penalty to the bulk Lan-
dau free energy. Therefore, the polarization of an epitaxial
ferroelectric thin film is determined by the minimization
of the total free energy, i.e., �F /�Pi=0 �i=1,2 ,3�. The
Landau–Devonshire coefficients, elastic constants, and elec-
trostrictive coefficients employed in the calculations are
listed in Ref. 10.11,12

The effect of the biaxial strain on the remanent polariza-
tions of �001�p-oriented ferroelectric films is shown in Fig.
1�a�. For BiFeO3 films, the remanent polarization P3 in-
creases and the in-plane polarization �P1 and P2� decreases
under a compressive biaxial strain to decrease the elastic
energy �misfit�. This follows route A on the free energy con-
tour map shown in Fig. 3�a�. In contrast, a tensile biaxial
strain decreases the remanent polarization and increases the
in-plane polarization. The spontaneous polarization, which is
the absolute value of the polarization vector ��P��, does not
change much with the biaxial strain, as shown in Fig. 2.

To understand the relationship between spontaneous po-
larization and biaxial strain, we will first ignore the elastic
energy term 2c44��12

0 �2 in Eq. �4�, which originated from the
shear deformation of ferroelectric materials. In this case the
spontaneous polarization is

Ps =
�2

2
��

�
,

� = − a1�6a11c11 − 3a12c11 + �c11 − c12��c11 + 2c12��Q11

− Q12�2� + 2�2a11 − a12��c11 − c12��c11 + 2c12��Q11

+ 2Q12�e0, �5�

� = 2a11
2 c11 − a12�a12c11 + �c11 − c12��c11 + 2c12�Q12�2Q11

+ Q12�� + a11�a12c11 + �c11 − c12��c11 + 2c12��Q11
2

+ 2Q11Q12 + 3Q12
2 �� .

We can see that the strain dependence of the spontaneous
polarization is proportional to Q11+2Q12. The value of Q11
+2Q12 is very small for BiFeO3; therefore, the spontaneous
polarization does not change much with strain, as shown by
the dashed line in Fig. 2.

We now discuss the effect of the 2c44��12
0 �2 term on po-

larization. As �12
0 =Q44P1P2, including the 2c44��12

0 �2 term in
the minimization of the free energy results in a decrease in
P1 �P2�, and thus a smaller spontaneous polarization Ps

�solid line in Fig. 2�. We also note that under a compressive
biaxial strain, the effect of 2c44��12

0 �2 term is less significant
than under a tensile biaxial strain, i.e., the difference between
the solid line �with 2c44��12

0 �2 term� and the dashed line
�without this term� decreases from the tensile strain end to
the compressive strain end of Fig. 2. As a result, the sponta-
neous polarization increases slightly as this difference de-
creases. The net result is that for the BiFeO3 films with �dis-
torted� rhombohedral symmetry, the biaxial strain just rotates
the polarization direction without significantly changing its
magnitude.

When the compressive biaxial strain is larger than
�0.042, a phase transition from the �distorted� rhombohedral
phase to a tetragonal c phase �P1= P2=0 , P3�0� occurs.
This is similar to the electric-field-induced rhombohedral to
tetragonal phase transitions in relaxor ferroelectric single
crystals. For the tetragonal phase, the change in polarization
will follow route B as the biaxial compressive strain is in-
creased, as shown in Fig. 3�a�. Note that the isoenergy con-
tours along route B are much more dense than those along
route A because there is a much larger energy penalty of the
bulk Landau free energy. Therefore, it is expected that
BiFeO3 films show weak strain dependence for the tetragonal
phase. On the other hand, when the tensile biaxial strain is
large enough, the �distorted� rhombohedral phase will trans-
form to an orthorhombic phase �P1= P2�0, P3=0�, for
which the remanent polarization will reduce to zero. There-
fore, the largest strain dependence of the remanent polariza-
tion will be in films with �distorted� rhombohedral symmetry.
These findings also hold for other ferroelectric materials for
which the rhombohedral phase is stable under stress-free

FIG. 1. �Color online� Remanent polarization of �a� �001�p-oriented ferro-
electric thin films and �b� �111�p-oriented ferroelectric thin films as a func-
tion of biaxial strain at room temperature.

FIG. 2. �Color online� Spontaneous polarization of �001�p-oriented BiFeO3

thin films as a function of biaxial strains at room temperature. The dashed
lines show the calculated spontaneous polarization when the contribution of
the 2c44��12

0 �2 term to the total free energy is ignored.
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conditions at room temperature, e.g., PbZr0.6Ti0.4O3, as
shown in Fig. 1�a�.

For ferroelectric materials, such as PbTiO3 and BaTiO3,
that have tetragonal symmetry under stress-free conditions at
room temperature, the remanent polarization will change
along route B under compressive biaxial strains, as shown in
Fig. 3�b�. Under tensile biaxial strains, these tetragonal
phases will first transform to a �distorted� rhombohedral
phase and then to an orthorhombic phase along route A. Note
that there is a smaller increase in the bulk Landau free en-
ergy along route A than along route B. Therefore, a stronger
strain dependence is also obtained in the �distorted� rhombo-
hedral phase region, as shown in Fig. 1�a�. For such materi-
als, however, the �distorted� rhombohedral phase region is
small as the tetragonal phase is more stable in terms of bulk
Landau free energy.

We also calculated the effect of biaxial strain on the
remanent polarization of a �111�p-oriented BiFeO3 thin film
using thermodynamic analysis, as previous first-principles
calculations showed very little strain dependence of the rem-
anent polarization,3 which is quite different from what we
observed for �001�p-oriented BiFeO3 films. In this paper, we
only study the effect of compressive biaxial strain, for which
the remanent polarization is essentially the spontaneous
polarization.5 Details of the thermodynamic calculations for
�111�p-oriented thin films can be found in Ref. 5. A very
small strain tunability of �111�p-oriented BiFeO3 thin films is
observed �shown in Fig. 1�b��, in agreement with previous
first-principles calculations.3 From previous studies,5 we
know that the film maintains its rhombohedral symmetry
�P1= P2= P3� under a compressive biaxial strain. Therefore
the change in polarization follows route C shown in Fig.
3�a�. The much larger energy penalty along route C, com-
pared to route A �that is for �001�p-oriented BiFeO3 films�,
is responsible for the smaller strain tunablility of
�111�p-oriented BiFeO3 films. We note that the results on
BiFeO3 thin films in this work are slightly different from
those reported in our previous work.5 This is because the
coefficients used in Ref. 5 are based on earlier measured
values of spontaneous polarization. The good strain stability
of �111�p–oriented films is not particular to BiFeO3 but hold

for other ferroelectric materials, such as PbZr0.6Ti0.4O3, as
shown in Fig. 1�b�.

In summary, we have studied the effect of biaxial strain
on the remanent polarization of epitaxial ferroelectric thin
films using phenomenological Landau–Devonshire theory.
Our calculations reveal that the remanent polarization is
quite sensitive to biaxial strain for �001�p-oriented thin films
with �distorted� rhombohedral symmetry. In contrast, the
remanent polarization of �111�p-oriented rhombohedral thin
films is much more stable and only weakly affected by strain
due to the significant Landau free energy costs associated
with changing the remanent polarization for this orientation.
It should be noted that the present work is focused on the
strain effect of spontaneous polarization and assumes single
domain with short-circuited boundary condition. For open-
circuited boundary condition, the charges at surfaces will
have significant effect on ferroelectric properties. Phase-field
method needs to be employed to take into account the open-
circuited boundary condition and domain formation.
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BiFeO3 �route A describes the polarization changing under biaxial strain for
�001�p-oriented films with �distorted� rhombohedral symmetry; route B de-
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