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Ferroelectric domain structures of �001�c, �101�c, and �111�c oriented epitaxial BiFeO3 thin films
were studied by using the phase-field approach. Long-range elastic and electrostatic interactions
were taken into account. The effects of various types of substrate constraint on the domain
morphologies were systematically analyzed. It is demonstrated that domain structures of BiFeO3

thin films could be controlled by selecting proper film orientations and substrate constraint. The
dependence of the �110�c-type domain wall orientation on substrate constraint for the �001�c

oriented BiFeO3 thin film was also discussed. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2927385�

I. INTRODUCTION

BiFeO3 has attracted a great deal of attention recently
due to the coexistence of ferroelectricity and antiferromag-
netism at room temperature.1–8 Bulk BiFeO3 single crystals
have a Curie temperature of TC�1103 K, and a Néel tem-
perature of TN�643 K. The ferroelectric phase of BiFeO3

has a rhombohedrally distorted perovskite structure with
space group R3c. The spontaneous polarization of BiFeO3 is
along the pseudocubic �111	c, leading to the formation of

eight possible polarization variants: r1
+= �111�c, r2

+= �1̄11�c,

r3
+= �1̄1̄1�c, r4

+= �11̄1�c, r1
−= �1̄1̄1̄�c, r2

−= �11̄1̄�c, r3
−= �111̄�c,

and r4
−= �1̄11̄�c. Experimentally, a number of different do-

main structures in BiFeO3 films have been observed.9–12 Re-
cent studies have demonstrated the ability to manipulate the
ferroelectric domain structures by using vicinal substrates or
controlling the growth mode for the bottom electrode.13,14

Therefore, the study of the ferroelectric domain structures of
variously oriented epitaxial BiFeO3 thin films is expected to
provide guidance to modify ferroelectric properties by het-
eroepitaxy and strain engineering.

In this work, we employ the phase-field approach to in-
vestigate the ferroelectric domain structures in epitaxial
BiFeO3 thin films. The phase-field simulation is based on the
time-dependent Ginzburg–Landau �TDGL� equation, which
takes into account the long-range elastic and electrostatic in-
teractions. It has been extensively used to study the ferro-
electric domain structures in both bulk systems and thin
films.15–19 The BiFeO3 film considered here is assumed to be
a single crystal having a stress-free top surface and subject to
substrate constraint. The main focus of this paper is on the
ferroelectric domain structures of variously oriented BiFeO3

thin films as a function of substrate constraint. This paper is
organized as follows: in Sec. II, a phase-field model to de-
scribe ferroelectric domain structure evolution is introduced.
Sec. III presents the simulation results on the domain struc-
tures of the �100�c, �101�c, and �111�c oriented BiFeO3 thin
films, and conclusions are summarized in Sec. IV.

II. PHASE-FIELD MODEL

To study the domain structures of the �001�c, �101�c, and
�111�c oriented BiFeO3 thin films, we introduce two coordi-
nate systems: �I�: x �x1 ,x2 ,x3� with x1, x2, x3 along the
�100�c, �010�c, and �001�c directions of the pseudocubic cell
and �II�: x� �x1� ,x2� ,x3�� with x3� out of the film surface, and x1�
and x2� are in plane. For �001�c films, x1�, x2�, and x3� are along
the �100�c, �010�c, and �001�c directions, which are coinci-
dent with the coordinate system I. For �101�c films, x1�, x2�,

and x3� are along the �010�c, �1̄01�c, and �101�c directions,
respectively. While for �111�c films, x1�, x2�, and x3� are along

the �011̄�c, �2̄11�c, and �111�c directions. The polarization
vector in the coordinate system II, P��P1� , P2� , P3��, is chosen
to be the order parameter to describe the ferroelectric domain
structures.

The total free energy of a BiFeO3 thin film includes the
bulk free energy Fbulk, domain wall energy Fwall, elastic en-
ergy Felas, and electrostatic energy Felec, i.e.,

F = Fbulk + Fwall + Felas + Felec. �1�

The bulk free energy density is described by a conven-
tional Landau-type of expansion

Fbulk =
 ��1�P1
2 + P2

2 + P3
2� + �11�P1

4 + P2
4 + P3

4�

+ �12�P1
2P2

2 + P1
2P3

2 + P2
2P3

2��dV , �2�

where �1 and �ij are the phenomenological coefficients
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which determine the transition temperature, the spontaneous
polarization, and the dielectric susceptibility of the bulk crys-
tal. Pj are the polarization components in the coordinate sys-
tem I, which are related to Pi� through

Pi� = tijPj , �3�

where tij is the transformation matrix from the coordinate
system I to the coordinate system II. The transformation ma-
trix for the �001�c, �101�c, and �111�c oriented films are given
as follows:

tij
�001�c = �1 0 0

0 1 0

0 0 1
� ,

tij
�101�c =�

0 1 0

−
1

2

0
1

2

1

2

0
1

2
� ,

tij
�111�c =�

0
1

2

− 1

2

− 2

6

1

6

1

6

1

3

1

3

1

3

� . �4�

Assuming that polarization varies continuously across
domain boundaries, the domain wall energy can be intro-
duced through the gradients of the polarization field. For the
sake of simplicity, we assume the domain wall energy to be
isotropic, therefore it can be written as

Fwall =
 1

2
G11��P1,1� �2 + �P1,2� �2 + �P1,3� �2 + �P2,1� �2

+ �P2,2� �2 + �P2,3� �2 + �P3,1� �2 + �P3,2� �2 + �P3,3� �2�dV ,

�5�

where Pi,j� =�Pi� /�xj� and G11 is gradient energy coefficient.
To consider the dipole-dipole interaction during ferro-

electric domain evolution, the electrostatic energy of a do-
main structure is introduced through

Felec = −
1

2

 E� · P�dV , �6�

where the electric field E� depends on the polarization dis-
tribution and the electric boundary conditions on the film
surfaces. Calculation of electric fields is presented in Ref. 18.

If we assume that the interfaces developed during the
ferroelectric phase transition as well as the interface between
the film and the substrate are coherent, elastic strains will be
generated in order to accommodate the structural changes,
which are given by

eij� = �ij� − ��ij
0 ��, �7�

where eij� , �ij� , and ��ij
0 �� are the elastic strains, total strains,

and stress-free strains in the coordinate system II, respec-
tively. The stress-free strains due to electrostrictive effect can
be obtained from

��ij
0 �� = timtjn�QmnopPoPp� , �8�

where Qmnop are the electrostrictive coefficients of BiFeO3 in
the coordinate system I. The corresponding elastic energy
can be expressed as

Felas =
1

2

 cijkl� eij�ekl� dV

=
1

2

 cijkl� ��ij� − ��ij

0 �����kl� − ��kl
0 ���dV , �9�

where cijkl� are the elastic stiffness tensor in the coordinate
system II. The equilibrium strains satisfy the mechanical
equilibrium condition given by �ij,j� =0, where �ij� are the
stress components and are given by �ij� =cijkl� ekl� . The me-
chanical boundary condition is such that the top film surface
is stress-free, i.e., �i3�

top film surface=0 while the film-substrate
surface is coherently constrained by the substrate. The calcu-
lation of elastic energy for a film-substrate system17 is ob-
tained by using a combination of Khachaturyan’s mesoscopic
elasticity theory20 and the Stroh formalism of anisotropic
elasticity.21

The temporal evolution of the polarization field P� is
described by the TDGL equations

�Pi��t�
�t

= − L
�F

�Pi��t�
, �10�

where L is a kinetic coefficient related to the domain evolu-
tion.

III. FERROELECTRIC DOMAIN STRUCTURES OF
„001…C, „101…C, AND „111…C ORIENTED BIFEO3 THIN
FILMS

The temporal evolution of the polarization and thus the
domain structures are obtained by numerically solving the
TDGL equations using the semi-implicit Fourier spectral
method.22 In the computer simulation, we employed a model
of 128��128��32�, with � being the grid size, and peri-
odic boundary conditions are applied along the x1� and x2�
axes in the film plane. The thickness of the film is taken as
hf =16�. The material constants for the Landau free energy
and the nonzero electrostrictive coefficients are from the
literature:23 �1=4.9�T−1103��105 C−2 m2 N, �11=5.42
�108 C−4 m6 N, �12=1.54�108 C−4 m6 N,24 Q1111

=0.032 C−2 m4, Q1122=−0.016 C−2 m4, and Q1212

=0.01 C−2 m4, where T is temperature in Kelvin. As we fo-
cus on the domain structure of BiFeO3 thin films at room
temperature, the temperature is chosen to be T=300 K. For
the calculation of elastic energy, we take the elastic constants
to be isotopic and homogeneous, with shear modulus �
=0.69�1011 N m−2 and Poisson’s ratio �=0.35, in order to
avoid solving inhomogeneous elastic equations. The cell size
in real space is chosen to be �= l0, where l0=
G110 /�0 and
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�0= ��1�T=300 K. We choose the gradient energy coefficient as
G11 /G110=0.6. If l0=0.5 nm, G110=0.98�10−10 C−2 m4 N,
and the domain wall energy density is about 0.09 J m−2 for
71° domain walls. Short-circuit surface boundary condition
is used in the following domain structure simulations, i.e.,
the electric potentials are equal to zero on both the top film
surface and film-substrate interface, which can be achieved
by placing top and bottom electrodes when letting both elec-
trodes grounded. The initial polarization is created by assign-
ing a zero value at each grid point plus a small random noise
with uniform distribution.

The macroscopic constraint from the substrate depends
on the lattice parameters and orientations of the film and
substrate. For a �001�c BiFeO3 thin film epitaxially grown on
a �001�c oriented cubic single crystal substrate with an in-
plane orientation relationship of �100�c

BiFeO3 � �100�c
s, a con-

stant dilatational plane strain, so-called biaxial strain, is im-
posed in x1�-x2� �x1-x2� plane,

�11� = �22� = �0, �12� = 0, �11�

where �0= �as−aBiFeO3
� /aBiFeO3

, as and aBiFeO3
are the lattice

parameters of the substrate and film, respectively. Figure 1
shows the domain structures of �001�c BiFeO3 thin films
from the phase-field simulations, which correspond to differ-
ent substrate constraints: �a� �0=−0.01, �b� �0=0, and �c�
�0=0.01. Similar twinlike domain structures were obtained
in all cases with domain walls that separate the rhombohe-
dral variants along the �011�c planes, which satisfy the elastic
compatibility and charge compatibility conditions.25 We cal-
culated the volume average of the polarization components
over the domain structure �the domain wall regions were
excluded� for the three different substrate constraints: �a�
�P1�=0.485, �P2�=0.487, �P3�=0.601, Ps=0.912 �b� �P1�
=0.523, �P2�=0.526, �P3�=0.530, Ps=0.911 and �c� �P1�
=0.560, �P2�=0.562, �P3�=0.447, Ps=0.910 �Ps= �P�, unit:
C m−2�. It is seen that �P1� and �P2� are close to each other but
different from �P3� because of the substrate constraint. The
compressive substrate strain increases �P3� while tensile
strain suppresses it. However, the average spontaneous po-
larization Ps does not change much with the in-plane biaxial
substrate strains, which agree well with recent thermody-
namic calculations.23 It should be emphasized that more than
one type of twins are available by various combinations of
polarization variants, and they are degenerate in energy.
Without any external factor that breaks the degeneracy, all

types are equally probable to exist, and they could even co-
exist in a film as it has been observed experimentally.13

Figure 1 also indicates that the �011�c domain wall de-
viates from its ideal orientation �for which the angle � be-
tween domain wall and the film/substrate interface is equal to
45°�. Following the approach of Streiffer et al.,25 the domain
wall plane satisfying the elastic compatibility conditions can
be determined. For example, considering the domain wall
plane between variants r1

− and r2
−, the calculated domain wall

planes are �100�c and �0 h 1�c, where h= �P2 / P3�. It is noted
that Streiffer et al. assumed that �P2�= �P3� in their original
approach, therefore, the corresponding domain wall planes
obtained are �100�c and �011�c. However, as we discussed
above, for a compressive substrate strain, �P2 � 	 �P3�. There-
fore, a compressive substrate strain decreases �=arctan�h�
whereas a tensile substrate strain increases it, as �P2 � 
 �P3�
under a tensile substrate strain, which is consistent with our
phase-field simulation results, as shown in Figs. 1�a�–1�c�.
However, the angle � obtained is larger than 45° even for a
compressive substrate strain �as shown in Fig. 2�a��, which
cannot be explained using elastic energy consideration only.
Another energy contribution that could affect the domain
wall orientation is the total domain wall energy of a domain
structure, which prefers the domain walls perpendicular to
the film/substrate interface ��=90° � to minimize the total
domain wall area. It should be noted that the electrostatic
energy has no effect on the angle �, since the charge com-
patibility condition is fulfilled for any domain walls that par-
allel to the �100�c direction. In order to understand the role of
the total domain wall energy on the domain wall orientation,
we performed simulations with artificially increased gradient
coefficient G11 /G110. Figures 2�b� and 2�c� display the do-
main structures obtained by fixing G11 /G110=0.9 and 1.2,
respectively. One can see that � increases with the increasing
of gradient coefficient. As a comparison, we also conducted a
simulation with increased electrostrictive coefficient Q

44
*

=1.5Q44 �G11 /G110=0.6�. A very small � was obtained, as
shown in Fig. 2�d�, since the elastic energy dominates in this

FIG. 1. �Color online� Domain structures of �001�c BiFeO3 thin films. �a�
�11� =�22� =−0.01,�12� =0; �b� �11� =�22� =0,�12� =0; �c� �11� =�22� =0.01,�12� =0;
and �d� �11� =�22� =0,�12� =0.005.

FIG. 2. �Color online� Domain structures of �001�c BiFeO3 thin films under
�11� =�22� =−0.005,�12� =0: �a� G11 /G110=0.6; �b� G11 /G110=0.9; �c�
G11 /G110=1.2; and �d� G11 /G110=0.6, Q

44
* =1.5�Q44.
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case and compressive substrate strains prefer a smaller � as
we discussed above. From these simulations, we may con-
clude that the equilibrium orientations of the �110�c type do-
main walls are determined by the competition between total
domain wall energy and elastic energy.

Shear substrate strain may also exist for �001�c oriented
BiFeO3 thin films, i.e., �11� =�22� �0, �12� �0. An example is a
�001�c oriented BiFeO3 thin film constrained by a �001�o

orthorhombic substrate with in-plane orientation relation-

ships of �100�c
BiFeO3 � �110�o

s and �010�c
BiFeO3 � �1̄10�o

s . The
shear substrate strain �12� =�−� /2, where � is the angle be-

tween �110�o and �1̄10�o crystallographic axes in the sub-
strate. For simplicity, we assume that �11� =�22� =0 in our
simulations. The energies of the eight polarization variants
are no longer equal under the shear substrate strain. For a
positive shear substrate strain, four of them �r1


 and r3

� have

lower energy than the rest. However, as pointed out in Ref.
25, the twins formed by r1


 and r3

 are not expected to exist

in �001�c oriented films, as they do not relax elastic energy
but create additional domain wall energy. Similarly, the vari-
ants pairs r1

+ /r1
− and r3

+ /r3
− separated by 180° domain walls

will not exist either. Therefore, with sufficient relaxation
time, only one polarization variant will survive, and a single
domain structure will be obtained �shown as Fig. 1�d��. For a
negative shear substrate strain, the other four variants �r2




and r4

� have lower energy, and a single domain structure is

again the stable state.
For a �101�c BiFeO3 thin film deposited on a �101�c ori-

ented cubic crystal substrate with an in-plane orientation re-
lationship of �010�c

BiFeO3 � �010�c
s, a constant dilatational strain

is imposed in the x1�-x2� plane,

�11� = �22� = �0, �12� = 0, �12�

where �0= �as−aBiFeO3
� /aBiFeO3

. The spontaneous strains of
the polarization variants in the coordinate system II can be
calculated by Eq. �8�, which give

��ij
0 �r1


� = �0 0 0.0076

0 − 0.0054 0

0 0 0.0054
� ,

��ij
0 �r2


� = �0 0.0076 0

0 0.0054 0

0 0 − 0.0054
� ,

��ij
0 �r3


� = �0 − 0.0076 0

0 0.0054 0

0 0 − 0.0054
� ,

��ij
0 �r4


� = �0 0 − 0.0076

0 − 0.0054 0

0 0 0.0054
� . �13�

Figure 3 shows the domain structures of �101�c BiFeO3

thin films under different substrate strains. For a large com-
pressive substrate strain, it is clear that polarization variants
r1


 and r4

 are favored energetically due to their negative

normal spontaneous strains in �101�c plane �x1�-x2� plane�.
However, the polarization variants r1 and r4 have the same
spontaneous deformation in the �101�c plane, therefore, the
twin structure formed by these variants will not relax elastic
energy and is not expected to exist. As shown in Fig. 3�a�,
the equilibrium domain structure is a single domain. On the
other hand, for a large tensile substrate strain, the polariza-
tion variants r2


 and r3

 are energetically favored. In this case,

a twin structure is more stable �shown as Fig. 3�c��, as the
spontaneous strains of r2 and r3 have opposite shear compo-
nents in the �101�c plane. When the substrate strains are close
to zero, quite different domain structures were obtained from
phase-field simulations, depending on the initial random val-
ues used, since the energy difference between various do-
main structures is quite small in this case. Figure 3�b� shows
one example of the domain structures obtained for �0=0. We
also calculated the volume average of the spontaneous polar-
ization over the domain structure for the three different sub-
strate constraints: �a� Ps=0.922, �b� Ps=0.910, and �c� Ps

=0.910 �unit: C m−2�. We can see that the effect of the nor-
mal substrate strain on the spontaneous polarization is rela-
tively large comparing with the �001�c films, which is con-
sistent with our previous thermodynamic calculations.23

For a �111�c oriented BiFeO3 thin film deposited on a
�111�c oriented cubic crystal substrate with an in-plane ori-

entation relationship of �11̄0�c
BiFeO3 � �11̄0�c

s, a constant dilata-
tional strain is imposed in the x1�-x2� plane,

�11� = �22� = �0, �12� = 0 �14�

where �0= �as−aBiFeO3
� /aBiFeO3

. The spontaneous strains of
the polarization variants in the coordinate system II are given
by

��ij
0 �r1


� = �− 0.0054 0 0

0 − 0.0054 0

0 0 0.0108
� ,

FIG. 3. �Color online� Domain structures of �101�c BiFeO3 thin films. �a�
�11� =�22� =−0.005,�12� =0; �b� �11� =�22� =0,�12� =0; and �c� �11� =�22�
=0.005,�12� =0.
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��ij
0 �r2


� = �− 0.0054 0 0

0 0.0090 0.0051

0 0 − 0.0036
� ,

��ij
0 �r3


� = �0.0054 − 0.0062 0.0044

0 − 0.0018 − 0.0025

0 0 − 0.0036
� ,

��ij
0 �r4


� = �0.0054 0.0062 − 0.0044

0 − 0.0018 − 0.0025

0 0 − 0.0036
� . �15�

Figure 4 shows the stable domain structures of �111�c

BiFeO3 thin films under different substrate strains. For a
large compressive substrate strain, the polarization variants
perpendicular to the film surface �r1


� have the lowest energy.
The stable domain structure is a single domain with either up
or down polarization, since existence of both variants will
create additional domain wall energy. While for a large ten-
sile substrate strain, the other six polarization variants �r2


,
r3


, and r4

� are more favored energetically, and the domain

structure obtained is a twin structure �shown as Fig. 4�c��
that relaxes the elastic energy. When the substrate strains are
close to zero, the energy differences between various domain
structures are relatively small, and domain structures differ-
ent from Fig. 4�b� were obtained from our simulations with
exactly same parameters but different initial random polar-
ization distributions. We also calculated the volume average
of the spontaneous polarization over the domain structure for
the three different substrate constraints: �a� Ps=0.915, �b�
Ps=0.906, and �c� Ps=0.908 �unit: C m−2�. We can see that
the spontaneous polarization of the BiFeO3 thin films is in-
creased by the normal compressive substrate strains, and the

normal tensile substrate strains to a lesser extent, which is in
agreement with the thermodynamic calculations.23

IV. SUMMARIES AND CONCLUSIONS

Phase-field simulations were conducted in the present
work to study the ferroelectric domain structures in �001�c,
�101�c, and �111�c oriented epitaxial BiFeO3 thin films. It
was found that the domain structures of �001�c BiFeO3 thin
film are not sensitive to the normal substrate strains, and
twinlike domain structures were observed for the full range
of substrate strains. The orientations of �110�c-type domain
walls are determined by the competition between total do-
main wall energy and elastic energy. While a single domain
structure was obtained for �001�c oriented film under a shear
substrate strain. On the other hand, for �101�c and �111�c

oriented BiFeO3 thin films, it was demonstrated that the nor-
mal substrate strains can effectively alter the domain struc-
tures. It should be noted that, in addition to the substrate
strains studied in this work, there are several other factors
that could also be important for the domain structures of
ferroelectric thin films, for example, the electric boundary
conditions26 and film thickness.27
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