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A three-dimensional phase-field model was developed for studying domain structures in
ferroelectric islands attached onto a substrate. It simultaneously takes into account the long-range
electric and elastic interactions, substrate constraint, as well as the stress relaxation caused by the
surfaces of an island. The phase-field simulations demonstrated that the domain structures of
ferroelectric islands could be dramatically different from those of continuous thin films due to the
change of stress state. The stress distribution inside islands is highly dependent on the aspect ratio
of the islands. It provides us an effective way for engineering the domain structures of ferroelectric
materials. © 2008 American Institute of Physics. �DOI: 10.1063/1.2903107�

Ferroelectrics are a class of functional materials that are
attractive for a variety of applications due to their superior
piezoelectric, dielectric, and pyroelectric properties. Many
applications such as silicon-based microelectromechanical
system sensor and actuator applications require the fabrica-
tion of ferroelectric materials in the form of thin films on a
substrate.1 While the substrate constraint may lead to dra-
matic increases in a number of ferroelectric properties in-
cluding the transition temperatures, it may significantly sup-
press other properties such as the piezoelectric responses
of a thin film.2–5 However, it has been shown that additional
manipulation of the properties of a thin film is possible
through patterning. For example it is demonstrated, both
theoretically and experimentally,6–11 that the substrate
clamping could be reduced by cutting the ferroelectric
thin film into isolated islands using, e.g., focused ion-
beam patterning,7,8 photolithography,12 or electron-beam
lithography,6 leading to enhanced piezoelectric responses as
compared to a continuous film.

One of the keys to predicting the ferroelectric/
piezoelectric properties of an island is the fundamental un-
derstanding of how domain structures in the ferroelectric thin
film are affected by patterning. Baik and co-workers,13,14

found that the volume fraction of c domains in an epitaxial
PbTiO3 island changes with its aspect ratio. Fu and
co-workers,15,16 studied the domain structures and the depo-
larization effect in ferroelectric nanostructures using a first-
principles-derived effective Hamiltonian approach. Wang
and Zhang17 studied the domain configuration and polariza-
tion switching in islands by using a phase-field model in two
dimensions.

The main purpose of this paper is to develop a three-
dimensional phase-field model for predicting the domain
structures of ferroelectric islands. The model simultaneously
takes into account the long-range interactions such as electric
and elastic interactions, substrate constraint, as well as the
stress relaxation caused by the surfaces of an island. As an
example, we study the domain structures of PbZr0.2Ti0.8O3
ferroelectric islands. Our focus is on the difference in the

inhomogeneous stress distributions between isolated islands
and continuous thin films and its effect on the ferroelectric
domain structures. The effect of electric boundary conditions
on the domain structures will also be discussed.

In order to describe the ferroelectric transition and do-
main structures using the phase-field model, a local sponta-
neous polarization field P= �P1 , P2 , P3� is chosen as the field
variable. The temporal domain structure evolution is de-
scribed by the time-dependent Ginzburg–Landau equation
�TDGL�,

�Pi

�t
= − L

�F

�Pi
�i = 1,2,3� , �1�

where L is a kinetic coefficient that is related to the domain
evolution and F is the total free energy of the system, which
is expressed by

F = Fbulk + Fwall + Felec + Felas, �2�

where Fbulk, Fwall, Felec, and Felas are bulk free energy, do-
main wall energy, electrostatic energy, and elastic energy,
respectively. The mathematical expressions for these energy
terms are exactly the same as those given in Ref. 18.

The electrostatic energy of an isolated island, for the
case of open-circuit boundary condition, i.e., the polarization
charges at the surfaces of an island are not compensated, can
be calculated from a convolution of the polarization with the
three-dimensional LaBonte interaction matrix,19,20 which can
be efficiently evaluated using fast Fourier transform tech-
niques. To calculate the elastic energy for an isolated island,
we present the model using three phases, i.e., a gas, an is-
land, and a substrate, as shown in Fig. 1�a�. The elastic so-
lution for such system can be obtained by using the iteration
method developed for elastic inhomogeneous systems21,22

and the stress-free boundary conditions along the surfaces of
an island can be automatically satisfied by setting the elastic
constants as zero for the gas phase.

The temporal evolution of the polarization field and thus
the domain structures are obtained by numerically solving
the TDGL equations using the semi-implicit Fourier spectral
method.23 In the computer simulation, we employed a model
of 128�x�128�x�64�x, and the thickness of the substratea�Electronic mail: jzz108@psu.edu.
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is taken as hs=30�x. The material constants for the Landau
free energy and electrostrictive coefficients of PbZr0.2Ti0.8O3
are listed in Ref. 24.25 The cell size in real space is chosen to
be �x= l0, where l0=�G110 /�0 and �0= ��1�T=25 °C. We chose
the gradient energy coefficient as G11 /G110=0.6. If l0
=1.0 nm, G110=1.73�10−10 C−2 m4 N, and the correspond-
ing wall thickness is about 1.5 nm. The initial polarization is
created by assigning a zero value at each cell plus a small
random noise.

It is known that, for the continuous thin films, their lat-
eral lengths are constrained by the substrate, and the com-
plete relaxation of the average in-plane stress requires that
��11

0 �= ��22
0 �=e0, where ��ij

0 � represents the volume average of
stress-free strain �ij

0 over the film, and e0 is the biaxial sub-
strate strain. As a result, the volume fractions of different
phases inside the film are essentially determined by the sub-
strate strain. By cutting the film into isolated islands, the
substrate constraint can be partially removed due to the gen-
erated free surfaces. To isolate the effect of the stress state on
the domain structure of an island, we artificially removed the
electrostatic energy in our first set of simulations. Figure 2
shows the temporal evolution of the domain structures of a
ferroelectric island and a continuous thin film with same
thickness and substrate strains �e0=0.005�. In the initial
stage, for the thin film, the nucleation and growth of a1 /a2
domain were observed, since the biaxial tensile substrate
strain �stress� favors the a1 /a2 domain energetically. How-
ever, for the thin films under a biaxial tensile substrate strain
of 0.005, the stable domain structure contains all three types
of domains, c, a1, and a2, due to the substrate constraint as
we discussed above. Therefore, c domains nucleate in the
later stage leading to a c /a1 /a2 polytwin structure. On the
other side, for the isolated island, a1 /a2 domain was domi-
nant in the initial stage, as the stress distribution inside the
island is still mostly tensile except for the regions near the
free surfaces as shown in Fig. 1�b�, where a small amount of
c domain was also observed. However, in the later stage, no
nucleation of c domain was observed since the substrate con-
straint has been partially removed. It should be noted that
along the island/substrate interface the substrate constraint
still exists, and the nucleation of c domain would decrease

the elastic energy locally but create additional domain wall
energy. Since the domain wall energy penalty dominates, the
c domain could not nucleate and even the pre-existed c do-
mains along the free surfaces disappear. If we decrease the
thickness of the island, as shown in Fig. 3�a�, a c /a1 /a2
polytwin domain structure was obtained as the elastic energy
contribution along the island/substrate interface becomes
dominant for this case.

The stress distribution inside islands is highly dependent
on the aspect ratio, i.e., lateral dimension over island thick-
ness w�l� /h. Figure 1�b� shows the in-plane stress �11 distri-
bution inside the islands with the same thickness but differ-
ent lateral size w�=l� under a biaxial tensile substrate strain
e0=0.005. For the stress calculation, the spontaneous polar-
ization of islands was chosen to be zero, corresponding to a
paraelectric phase. Dramatic changes in stress state were ob-
served due to relaxation at the free surfaces. With the de-
crease of the lateral length of the island along x1 axis �w�, the
average in-plane stress �11 deceases and could eventually
become almost zero. It should be noted that the in-plane
stress �22 also shows a similar dependence on the lateral
length of the island along x2 axis �l�. Therefore, it provides
us an effective way for engineering the domain structures of

FIG. 1. �Color online� �a� Schematic illustration of a ferroelectric island. �b�
The in-plane stress �11 distribution along the cross section at the center of
the ferroelectric island �h=16 nm, e0=0.005�.

FIG. 2. �Color online� The temporal domain structure evolution of �a� a
continuous thin film �h=16 nm� and �b� an isolated island �w= l=112 nm,
h=16 nm�. The different ferroelectric tetragonal variants are shown

in different colors, i.e., yellow=a1
+��100��, orange=a1

−��1̄00��, light green

=a2
+��010��, green=a2

−��01̄0��, blue=c+��001��, and light blue=c−��001̄��.
�e0=0.005�.

FIG. 3. �Color online� �a� The equilibrium domain structure of an isolated
island without the electrostatic energy �w= l=112 nm, h=6 nm and e0

=0.005�. �b� The equilibrium domain structure of an isolated island with the
electrostatic energy �w= l=112 nm, h=16 nm and e0=0.005�.

122906-2 Zhang et al. Appl. Phys. Lett. 92, 122906 �2008�

Downloaded 10 Oct 2008 to 128.118.231.130. Redistribution subject to AIP license or copyright; see http://apl.aip.org/apl/copyright.jsp



ferroelectric materials. For example, we can create an aniso-
tropic in-plane stress by controlling the relative in-plane
length of the island �l /w�, even under a biaxial substrate
strain. For the islands shown as Fig. 4�a�, the average in-
plane tensile stress �11 is larger than �22 due to the unequal
lengths of the island along x1 and x2 axis. As a result, when
the sample was quenched to room temperature, only a1 do-
mains nucleate �Fig. 4�a��. Although a small fraction of a2 or
c domains nucleates to relax the substrate constraint along
the island/substrate interface in the later stage, the volume
fraction of a1 domain still dominates in the final domain
structure. As shown in Fig. 4�b�, we can effectively control
the volume fraction of a1 domain by the in-plane aspect ratio
l /w, i.e., the volume fraction of a1 domain is about 50%
when the in-plane aspect ratio l /w=1, and it will increase
with the decrease of the in-plane aspect ratio. It should be
noted that we could also increase the volume fraction of a2
domains by increasing the in-plane aspect ratio. It is even
possible to obtain domain structures with 100% a1 �or a2�
domains with higher substrate strains, which is important for
piezoelectric applications.

The electrostatic energy that we have ignored so far is
also expected to play an important role in the domain struc-
tures of ferroelectric islands, especially for the open-circuit
boundary case in which large depolarization fields are gen-
erated by the uncompensated charges along island surfaces.
Figure 3�b� shows the equilibrium domain structure of an
island under the open-circuit boundary condition. To mini-
mize the depolarization field induced by the uncompensated
charges, the polarization tends to be parallel to the island
surfaces. Therefore, a vortexlike domain structure was ob-
tained.

In summary, we have developed a three-dimensional
phase-field model for studying the domain structures and

their evolution in ferroelectric islands. Our simulations
showed that the domain structures could be dramatically
modified by patterning of a continuous thin film into isolated
islands. In addition, the stress distribution inside islands is
highly dependent on the aspect ratio, which provides us an
effective way for engineering the domain structures of ferro-
electric materials. For example, we can obtain domain struc-
tures with 100 percent a1 �or a2� domains by controlling the
in-plane aspect ratio of the islands. The electrostatic energy
also has significant effect on the domain structures of ferro-
electric islands under the open-circuit boundary condition.
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FIG. 4. �Color online� �a� The temporal domain structure evolution of an
isolated island �l /w=1 /14, w=112 nm, h=20 nm, e0=0.015�. �b� The vol-
ume fraction of a1 domain as a function as the in-plane aspect ratio l /w
�w=112 nm, h=20 nm�.
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