
at SciVerse ScienceDirect

Intermetallics 22 (2012) 17e23
Contents lists available
Intermetallics

journal homepage: www.elsevier .com/locate/ intermet
Thermodynamic properties of Laves phases in the MgeAleCa system at finite
temperature from first-principles

Hui Zhang*, Shun-Li Shang, Yi Wang, Long-Qing Chen, Zi-Kui Liu
Department of Materials Science and Engineering, The Pennsylvania State University, 304 Steidle Building, University Park, PA 16802, USA
a r t i c l e i n f o

Article history:
Received 29 December 2010
Received in revised form
10 August 2011
Accepted 26 August 2011
Available online 24 November 2011

Keywords:
A. Laves phases
B. Thermodynamic and thermochemical
properties
E. Ab-initio calculations
* Corresponding author. Current address: Diamon
OH, 43085, USA.

E-mail address: zhanghuipku@hotmail.com (H. Zh

0966-9795/$ e see front matter � 2011 Elsevier Ltd.
doi:10.1016/j.intermet.2011.08.019
a b s t r a c t

First-principles calculations are employed to investigate the structural and thermodynamic properties of
binary Laves phases (C14, C15 and C36 structures) in the MgeAleCa system. The enthalpies of formation
at 0 K are predicted. The vibrational contributions to Helmholtz free energy for the stable C14-Mg2Ca and
C15-Al2Ca phases are determined using both first-principles phonon calculations and DebyeeGrüneisen
model. The predicted thermodynamic properties of the stable phases, including enthalpy, entropy, bulk
modulus, heat capacity, and thermal expansion coefficient, agree well with available experimental data.
For the other nonstable phases, the thermodynamic properties are estimated by DebyeeGrüneisen
models of Moruzzi et al. and of Wang et al. The entropies predicted from these two Debye models have
a general agreement with about �0.5 J/mol K differences for all the three structures.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

MgeAl based alloys, possessing the best strength toweight ratio
among the common structural materials, have received increasing
attention due to their applications in automotive and aerospace
industries. However, despite the high specific strength, these alloys
have limited use as structural materials due to their poor creep
resistance at high temperatures, mainly caused by the softening of
the intermetallic phase Al12Mg17 at elevated temperatures [1,2].
Significant improvements can be achieved by alloying. Additions of
rare earth elements show improvement in mechanical properties
as a result of formation of strengthening precipitates [3,4], but they
incur high costs. As a lower cost element, the addition of Ca
provides additional ways to improve the creep resistance of MgeAl
base alloys through the replacement of the Al12Mg17 phase bymore
stable Laves phases [5,6]. Therefore, the ternary MgeAleCa alloys
have received increasing attention in the past few years, especially
the Laves phases in Mg alloys due to their excellent physical and
chemical properties [7]. Despite the interesting properties of these
alloys, there are only quite a few existing theoretical investigations
on the structures and stability of these Laves phases in the
MgeAleCa system and most of them were studied for 0 K [8,9].
d Innovations, Worthington,

ang).
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To better understand the alloying behavior of Ca on MgeAl
alloys, it is important to determine the thermochemical properties
of the Laves phases. A general two-sublattice model (Mg, Al,
Ca)2(Mg, Al, Ca)1 is used to represent the Laves phases (C14, C15, and
C36)with homogeneity ranges as discussed in [8,10]. It is found that
the energetics for end-memberswith one element in each sublattice
remain to be developed due to the lack of data, especially for the
nonstable ones. In the current work, we present a systematic
theoretical study on the structural, vibrational, and thermodynamic
properties of A2B type Laves phasewith C14, C15, and C36 structures
fromfirst-principles. The total energies of all the nine end-members
in the Laves phases C14, C15 and C36 structures are calculated and
fitted by an equation of state (EOS). For the stable phases, e.g. C14-
Mg2Ca and C15-Al2Ca, the vibrational properties are firstly pre-
dicted from phonon calculations. Subsequently, the Debye temper-
ature evaluated from phonon properties is employed to adjust the
scaling factor (s) in DebyeeGrüneisen model by Moruzzi et al. [11].
Herein, the vibrational properties throughDebyeeGrüneisenmodel
are compared with those obtained from phonon calculations. For
nonstable end-members, it is impossible to perform either the
phonon calculations or experiments to estimate their vibrational
properties. However, from the analysis of thermodynamic proper-
ties for stable end-members, we propose to predict the thermody-
namic properties of nonstable A2B type Laves phases using
DebyeeGrüneisenmodel byMoruzzi et al. [11] andWang et al. [12].
The results of this work are expected to enhance the understanding
of phase stability in the MgeAleCa ternary system, and the
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Table 1
Details of the first-principles and phonon calculations, including the space group of
pure elements and compounds [36], k-mesh used for the electronic and phonon
structures, the number of atoms in the supercell (SC) for phonon calculations, the
displacement (Δr) of disturbed atom from its equilibrium position, and the cutoff
distance (Rcut) for the fitting range of force constants.

EOS
Calc.

Space
group

k-mesh
electron

Phonon
calc.

SC
atoms

k-mesh
phonon

Δr
(Å)

Rcut
phonon
(Å)

Al Fm3m 35 � 35 � 35 Al 32 6 � 6 � 6 0.1 6
Ca Fm3m 22 � 22 � 22 Ca 32 6 � 6 � 6 0.1 7
Mg P63/mmc 25 � 25 � 15 Mg 36 6 � 6 � 6 0.1 6
C14 P63/mmc 12 � 12 � 8 Mg2Ca 48 5 � 5 � 5 0.1 7
C15 Fm3m 12 � 12 � 12 Al2Ca 48 4 � 4 � 4 0.1 7
C36 P63/mmc 11 � 11 � 4

Table 2
Calculated equilibrium volume (V0), enthalpy of formation (DH), bulk modulus (B0),
and pressure derivative of bulk modulus (B00) of binary laves phases at 0 K.

Structure V0 (Å3/atom) DH (kJ/mol) B0 (GPa) B0
0

Al fcc 16.481
16.322a [8]
16.60b [36]

76.4
78b [37]

4.80
4.2b [37]

Ca fcc 42.163
42.564a [1]

17.4
17b [38],
18.3b [39]

3.27

Mg hcp 23.043
22.908a [1]

34.4
45b [38],
35.2b [39],
36.8b [40]

4.02
4.3b [40]

Al2Ca C14 21.583 �32.82 55.5 3.89
C15 21.445

21.695a [8]
21.65b [36]

�34.42
�33.98a [8]c

56.2
56.65a [9]

4.22
6.78a [9]

C36 21.451 �33.20 56.0 4.25
Mg2Ca C14 28.240

28.370a [1]
28.86b [36]

�12.02
�12.06a [9],
�12.3a,c [1]

30.3
30.54a [1],
31.06a [9],
31.4 [41]

4.06
4.01a [1],
4.07a [9]

C15 28.325 �11.73 29.8 3.78
C36 28.255 �11.97 30.2 3.92

Al2Mg C14 18.807 �1.98 60.3 4.40
C15 18.827 �1.56 61.1 4.47
C36 18.822 �2.12 61.0 4.44

Mg2Al C14 21.732 26.10 37.4 4.24
C15 21.693 25.32 38.2 4.19
C36 21.697 25.51 38.0 4.27

Ca2Mg C14 37.532 29.82 14.7 3.46
C15 38.345 30.82 14.3 3.34
C36 37.946 30.30 14.6 3.43

Ca2Al C14 32.352 36.36 11.2 6.71
C15 33.220 46.93 15.9 3.39
C36 32.405 45.34 11.1 4.25

Al2Al C14 17.498 14.09 67.9 4.18
C15 17.472 15.57 64.6 4.61
C36 17.463 14.95 65.1 4.85

Mg2Mg C14 23.739 7.49 34.0 4.00
C15 23.722 7.21 34.2 4.10
C36 23.718 7.30 34.0 4.21

Ca2Ca C14 39.460 8.45 18.2 3.39
C15 44.172 8.49 16.0 3.18
C36 44.017 8.32 16.1 3.34

a Calculated results at 0 K from references.
b Experimental results at 298 K.
c Experimental results at 298 K are in Table 4.
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approaches developed are extensible to other materials and for
developing self-consistent and robust thermodynamic databases.

The rest of the paper is organized as follows. In Section. 2, we
present the theories to calculate the vibrational contribution using
both phonon calculations and Debye models. The computational
framework and simulation details are described in Section 3. In
Section. 4, we discuss the EOS fittings and the calculated first-
principles thermodynamic properties for these A2B type Laves
phases. Finally, we summarize the conclusions of the present work.

2. Methodology

Under the quasiharmonic approximation, the Helmholtz free
energy, F, of a system at temperature T and volume V is given by
[13e17]

FðV ; TÞ ¼ E0ðVÞ þ FvibðV ; TÞ þ FelðV ; TÞ (1)

where E0(V) is the first-principles static energy at 0 K and volume V,
Fvib(V,T) the lattice vibrational contributions to the free energy, and
Fel(V,T) the thermal electronic contributions. Within the quasi-
harmonic approximation, the anharmonic effect is accounted by
the harmonic approximation at several volumes.

From phonon density of states, the lattice vibrational free
energy can be calculated through [13e15]:

FvibðV ; TÞ ¼ kBT
ZN

0

ln
�
2sinh

Zv

2kBT

�
gðv;VÞdv (2)

where T is the temperature, kB the Boltzmann constant, Z the Planck
constant, and g(v,V) the phonon density of states as a function of
phonon frequency n and volume V.

The vibrational properties can be alternatively characterized by
their Debye temperatures QD [1,11,16]:

kBQDðnÞ ¼ hvDðnÞ (3)

vDðnÞ ¼
�
nþ 3
3

ZN

0

vngðvÞdv
�1=n

ðns0;n>� 3Þ; (4)

where vD(n) is the Debye cutoff frequency. The second moment
cutoff frequency (n ¼ 2) is used in this work, sinceQD(2) corre-
sponds to the Debye temperature obtained from heat capacity data
[1,18].

Consequently, the vibrational Helmholtz free energy can be
estimated by Debye model through the Debye temperature, QD,

FvibðV ;TÞ ¼
9
8
kBQDþkBT

�
3ln

�
1�exp

�
�QD

T

��
�D

�
QD

T

��
(5)

where DðQD=TÞ is the Debye function with QD determined by via
phonon frequencies. In terms of DebyeeGrüneisen model by
Moruzzi et al. [11], QD is given by:

QD ¼ sAV1=6
0

�
B0
M

�1=2�V0

V

�g

(6)

whereM is the atomic mass, s the scaling factor with a default value
of 0.617 as discussed byMoruzzi et al. [11],g theGrüneisen constant,
V0 the 0 K static equilibriumvolume, B0 the bulkmodulus calculated
at V0, B’0 the derivative of B0 against P, g ¼ ðð1þ B00Þ=2Þ � x with
x ¼ 1 for low temperatures and x ¼ 2/3 for high temperatures [11].

Without using the Grüneisen constant, another method to
calculate the Debye temperature was proposed by Wang et al.
[12,16]:
QD ¼ sAV1=6
�
1
M

�
B� 2ðlþ 1Þ

3
P
��1=2

(7)

where B is the bulk modulus calculated from the 0 K static total
energy curve at a given volume V, P the pressure calculated from
the 0 K static total energy curve at V, l ¼ �1, 0, and 1 correspond to
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the thermodynamic theories of Slater [19], Dugdale andMacDonald
[20], and the free volume theory [21], respectively. It should be
noted that the case of l¼�1 byWang et al. [12] is equivalent to the
high temperature case by Moruzzi et al. [11] and that the case of
l ¼ 0 by Wang et al. [12] is equivalent to low temperature case by
Moruzzi et al. [11]. Since the present interest is focused at the
relatively high temperature region of the phase diagram, all the
calculations using DebyeeGrüneisen models of Moruzzi et al. [11]
and of Wang et al. [12] are carried out at high temperature with
x ¼ 2/3 and l ¼ �1, respectively. When possible, the scaling factors
for the DebyeeGrüneisen models are determined by making the
Debye temperatures from Equation (6) or Equation (7) equal to the
Debye temperature obtained by phonons (Equation (4)).
3. First-principles computational details

In the presentwork,first-principles calculationswereperformed
by using the projector-augmented wave (PAW) method as imple-
mented in VASP [22,23]. The generalized gradient approximation
(GGA) of Perdew-Burke-Ernzerhof (PBE) [24] is used for the
exchange-correlation functional. The electronic configurations
considered are 3s23p1 for Al, 3s2 for Mg, and 3p64s2 for Ca, respec-
tively. We use the energy cutoff of 320 eV, i.e., 1.3 times the highest
energy cutoff amongAl,Mg and Ca as suggested byVASP. The crystal
structures of Laves C14, C15, and C36 are summarized in Table 1. The
Monkhorst-Pack scheme is used for the Brillouin-zone integrations
[25] of Al, Ca, Laves C15 and Laves C36, while G centered k-mesh is
used for Mg and Laves C14.

The phonon calculations of C14-Mg2Ca and C15-Al2Ca are
carried out by using the supercell method implemented in the ATAT
package [26] with VASP code as the computational engine. The
supercell method is based on the frozen phonon approximation
through which the changes in forces acting on atoms are calculated
in the direct space by displacing the atoms from their equilibrium
positions. Table 1 shows the detailed settings for first-principles
calculations, including the space group, the size of k-mesh for
electronic structure calculations and in the perturbed supercell for
Fig 1. Enthalpies of formation for the AleMgeCa ternary system in a variety of Laves
structures. Where C15 structures of Al2Ca, Al2Al, Ca2Al, and Ca2Ca are from the ther-
modynamic database by Ozturk et al. [30], while C14 structures of Mg2Ca, Mg2Mg,
Ca2Mg and Ca2Ca are from the thermodynamic database by Zhong et al. [31], and C14-
Al2Ca, C15-Mg2Ca, C36 structures of Al2Mg, and Al2Ca are from the thermodynamic
database by Janz et al. [29].

Fig. 2. (a) Calculated phonon dispersion curves of C14-Mg2Ca. (b) Calculated phonon
dispersion curves of C15-Al2Ca. (c) Phonon DOS’s of the C14-Mg2Ca and C15-Al2Ca at
their equilibrium volumes at 298 K.



Table 3
Debye frequency and Debye temperatures of Al, Mg, Ca, C14-Mg2Ca, and C15-Al2Ca.

Debye temperature (K) Debye cutoff
frequency (THz)

Calc.a Exp. Calc. Exp.

Al 400 396 [42] 8.33 8.35 [42]
Mg 323 325 [42], 323 [18], 320 [1] 6.73 6.67b

Ca 210 210 [43], 229 [44] 4.40 4.48 [1]
C14-Mg2Ca 277 5.78
C15-Al2Ca 377 7.86

a Derived from the second moment of phonon DOS.
b Calculated Debye cutoff frequency from the eighth neighbor Bornevon Karman

model.
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phonon calculations, the number of atoms in the supercell for
phonon calculations; the setting of displacement from the equi-
librium atomic position, and the cutoff distance used to fit the force
constants and phonon properties.

4. Results and discussion

4.1. Evaluation of enthalpies for all end-members

The total energy of each end-member is calculated as a function
of volume and fitted by the 4-parameter BircheMurnaghan equa-
tion of state [16,27,28]:

EðVÞ ¼ aþ bV�2=3 þ cV�4=3 þ dV�6=3 (8)

In the present work, 6 data points in the volume range of
0.88e1.19 V0 are used for the EOS fitting for each structure. The
structural properties including the equilibrium volume, enthalpy of
formation, bulk modulus and its pressure derivative for each end-
member at 0 K are determined, and compared with available data
as listed in Table 2. Note that most of B00 values are 3e6, which is
within the range of values for nearly all the materials. Additionally,

the EOS fitting error is estimated by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
i
½ðCi � BiÞ=Bi�2=N

r
; where Ci

and Bi are the fitted value and first-principles predicted value,
respectively. N represents the total number of data points. It is
Fig. 3. Thermodynamic properties of vibrational enthalpy (H), entropy (S), and heat capacit
(..), and Debye model with adjusted s (- - -) together with available experiments (�) [33
worth mentioning that the EOS fitting errors are smaller than
1 � 10�4, in all cases. Fig. 1shows the calculated enthalpy of
formation of each A2B type Laves phase, in comparison with the
CALPHAD modeled results for the MgeAleCa [29], AleCa [30], and
MgeCa [31] databases. The solid line represents the perfect
agreement between the first-principles values and CALPHAD
assessments, and two dashed lines define an error bar of�5 kJ/mol.
The value of �5 kJ/mol is chosen due to the uncertainty for most
experimental studies of enthalpies of formation. The calculated
results compared favorably with each other with the differences
within �5 kJ/mol except for the C14-Al2Ca and C15-Mg2Ca phases.
Such discrepancy is due to the arbitrary enthalpies of formation
values used in CALPHAD assessments since both of these two are
nonstable phases. The enthalpies of formation of C14, C15, and C36
structures with the same composition have similar values with
those for Al2Ca, Mg2Ca, and Al2Mg being negative. Al2Ca has the
lowest enthalpy of formation in their respective structures with the
value being the lowest for the C15 structure, which is consistent
with its stability in the AleCa binary system [30]. For the compo-
sition of Mg2Ca, the C14 structure has the lowest energy among
three structures, which is consistent with the fact that it is the
stable phase in the MgeCa system [31]. As for V0 and B0, all the
calculations reveal the same trend: the one with the larger equi-
librium volume showing lower bulk modulus.
4.2. Evaluation of entropies for all end-members at 298 K

Fig. 2(a) and (b) show the phonon dispersion curves of C14-
Mg2Ca and C15-Al2Ca at their equilibrium volumes at 298 K，
28.86 Å3/atom [36] and 21.65 Å3/atom [36], respectively. Al2Ca has
the higher frequency due to the influence of mass. The phonon
density of states (DOS’s) for C14-Mg2Ca and C15-Al2Ca are shown in
Fig. 2(c). We note that in the low frequency region, the phonon DOS
of C14-Mg2Ca has higher values than that of C15-Al2Ca, indicating
that C14-Mg2Ca has the larger phonon contributions to Gibbs
energy from the vibrational entropy [32]. In principle, the higher
value of the phonon density of states in the lower frequency region
implies a weak bonding nature and correspondingly a lower Debye
temperature [15]. Table 3 summarizes the estimated second
y (Cp) for Al2Ca and Mg2Ca from phonon calculations (d), Debye model with s ¼ 0.617
].



Table 4
Thermodynamic properties of stable intermetallic compounds at 298 K.

V298

(Å3/atom)
ΔH
(kJ/mol)

ΔS (J/mol) BT

(GPa)
CP
(J mol�1K�1)

aL
(10�6K�1)

C14-Mg2Ca Phonon 28.953 �12.12 �0.68 27.0 24.95 27.32
Debye_Grü
(g ¼ 0.67)

29.043 �12.17 �0.84 28.0 25.10 29.45

Debye_Grü
(g ¼ 0.617)

29.037 �12.10 �0.54 28.0 25.24 29.73

Ref. 31.134 �13.5 � 0.42 [45],
�12.7 � 0.63 [46],
�13.0 � 0.88 [47]
�12.44 [1]

�0.99 [33],
�1.7 [31]
�0.46 [1]

27.71 [1] 25.20 [1],
24.58

25.72 [1]

C15-Al2Ca Phonon 21.840 �34.70 �3.99 51.9 11.91 18.22
Debye_Grü
(g ¼ 0.7)

21.917 �34.60 �3.52 52.8 12.11 21.65

Debye_Grü
(g ¼ 0.617)

21.911 �34.56 �2.71 52.8 12.29 21.97

Ref. 21.655 �31.3 � 0.5 [48],
�33.4 � 0.6 [49],
�34.3 � 3.5 [50],
�29.4 � 0.9 [51]

�5.02 [30]

Fig. 4. Entropies of formation at 298 K for the end-members in the AleMgeCa ternary
system plotted with respect to their relative pure elements, in comparison with the
values from thermodynamic databases. Where C15 structures of Al2Ca, Al2Al, Ca2Al,
and Ca2Ca are from the thermodynamic database by Ozturk et al. [30], while C14
structures of Mg2Ca, Mg2Mg, Ca2Mg and Ca2Ca are from the thermodynamic database
by Zhong et al. [31], and C14-Al2Ca, C15-Mg2Ca, C36 structures of Al2Mg, and Al2Ca are
from the thermodynamic database by Janz et al. [29].
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moment Debye temperatures at the theoretical equilibrium
volumes from phonon calculations. It is shown that C14-Mg2Ca has
a lower Debye temperature, confirming again its weaker bonding
than that of C15-Al2Ca.

By using the calculated Debye temperatures from phonon, the
scaling factor, s, in DebyeeGrüneisen model can be adjusted, with
the value of 0.67 and 0.7 for C14-Mg2Ca and C15-Al2Ca, respectively.
The temperature dependent vibrational enthalpies, entropies, and
heat capacities of C15-Al2Ca and C14-Mg2Ca are shown in Fig. 3,
including the ones from phonon calculations, DebyeeGrüneisen
model with the suggested scaling factor (s¼ 0.617) byMoruzzi et al.
[11], andDebyeeGrüneisenmodelwith the adjusted s. Note that the
thermal electronic contributions are included in this work. The
calculated vibrational enthalpies shown in Fig. 3(a) are almost
identical regardless of calculation methods. In Fig. 3(b), the entropy
is calculated from S ¼ �(vF/vT)V under P ¼ 0. The predictions from
phonon calculations and DebyeeGrüneisen model using the
adjusted s show consistency and are in good agreement with rec-
ommended values (0.617) [33] as well. Regarding the Debyee-
Grüneisen model using the suggested s (s ¼ 0.617), the evaluated
entropies are slightly higher than those from phonon calculations,
e.g. about 6.2% and 7.7% for Mg2Ca and Al2Ca at 900 K, respectively.
The heat capacity at constant pressure is estimated by
CP ¼ CV þ b2BTV, where CV is the heat capacity at constant volume
calculated by CV ¼ �T(vS/vT)V, and b, B, T, and V are the volume
thermal expansion coefficient, bulk modulus, temperature and
volume, respectively.

Table 4 summarizes the calculated equilibrium volume,
enthalpy of formation, entropy of formation, bulk modulus, heat
capacity, and linear thermal expansion at 298 K for both C15-Al2Ca
and C14-Mg2Ca. Vibrational contributions evaluated from phonon
calculations, DebyeeGrüneisen model with the adjusted s, and
DebyeeGrüneisen model with the suggested s ¼ 0.617 [11] are also
compared in Table 4, showing the consistent prediction of ther-
modynamic properties and good agreement with the available
experimental data as well. At room temperature, the larger volume,
the lower bulk modulus, and the lower enthalpy of formation of
C14-Mg2Ca with respect to those of C15-Al2Ca confirm again the
weaker bonds in C14-Mg2Ca. By considering the thermodynamic
properties of stable C15-Al2Ca and C14-Mg2Ca, it is found that (i)
with the phonon and thermal electronic contributions included,
the thermodynamic properties can be well described; (ii) the
vibrational enthalpy and heat capacity calculated from the sug-
gested scaling factor (s) are almost identical with the ones
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calculated with adjusted s in DebyeeGrüneisen model and in good
agreement with phonon calculations and experiments, and (iii) the
entropy predicted by DebyeeGrüneisen model with s ¼ 0.617 is
about 6w7% higher than that from DebyeeGrüneisen model with
adjusted s at high temperature (900 K).

Except C14-Mg2Ca and C15-Al2Ca phases, the other end-
members with A2B type Laves structures are not stable in the
MgeAleCa system, and hence their vibrational properties cannot be
obtained from phonon calculations. In the present work, their
thermodynamic properties are investigated by the Debyee-
Grüneisen model with the scaling parameter s ¼ 0.617 [11]. The
calculated entropies of formation for each A2B structure at 298 K are
shown in Fig. 4 as a function of difference inmetallic radius between
A and B, Dr, in comparison with those calculated from the AleCa
[30], MgeCa [31], and AleMgeCa [29] databases. The discrepancies
are expected especially for the nonstable phases as there were no
experimental data to evaluate the entropies of formation of non-
stable structures in the database development. For example,
entropies of formations of nonstable C15-Al2Al, C15-Ca2Ca, and C15-
Ca2Al are assumed to be the same as the stable phase C15-Al2Ca. It is
observed that Al2B has the most negative values of entropies of
formation, while Ca2B has themost positive values. In each group of
Al2B, Mg2B, and Ca2B, we note that the entropy of formation
Fig. 5. Bulk modulus relatively to its pure elements for the end-members in the
AleMgeCa ternary system in comparison with the available data (6 [1] 7B [9] and
, [41]) in the literature.
becomes less negative (more positive) when Dr increases. It can be
understood that when the atom B is smaller than the atomA in A2B,
the contact between the B atom and its neighbors becomes poorer
resulting in weak AeB bonding and high entropy. The relationship
between entropy of formation and Dr in L12 phases also shows
a similar trend [34].

The bonding strength can be alternatively illustrated by bulk
modulus since bulk modulus is proportional to the average
stretching force constant [35]. In Fig. 5, bulkmodulus of a compound
with respect to its pure elements, e.g. DB(Al2Ca) ¼ B(Al2Ca) � 2/3
B(Al)� 1/3 B(Ca), are presented as a function ofDr. It is shown thatDB
becomesmore negative asDr increases, showingweaker bonding in
the compound. From both Figs 4and 5, the relationship between DS
and DB are illustrated in Fig. 6, demonstrating that the stronger
bonding of a compound can be represented by a more positive (less
negative) DB with a more negative (less positive) DS.

For phases with the same element A in A2B, it is worth noting
that the more negative entropy of formation corresponds to a more
negative enthalpy of formation (see Table 2). A more negative
enthalpy of formation is an indicator of a stronger interatomic
bonding and stronger bonding leads to lower vibrational entropies,
and hence a more negative entropy of formation.
Fig. 6. Entropies of formation at 298 K for the end-members in the AleMgeCa ternary
system as a function of bulk modulus relative to its pure elements.



Fig. 7. Comparison of calculated entropies of formation at 298 K for the end-members
in the MgeAleCa systems from DebyeeGrüneisen models by Moruzzi et al. [11] and by
Wang et al. [12]. The solid line shows unity (y ¼ x) while the dashed lines present an
error range of �0.5 J/mol K.
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Furthermore, the entropies of formation of A2B are also esti-
mated by the DebyeeGrüneisen model of Wang et al. and
compared with DebyeeGrüneisen model of Moruzzi et al. in Fig. 7.
A perfect agreement between the calculated and experimental
values is indicated by the solid line, where an error bar of �0.5 J/
mol K are shown by the dashed lines. The calculated entropies of
formation from two models are consistent with each other, and the
differences are within �0.5 J/mol K in all cases.

5. Summary

In the present work, a systematic analysis on the structural,
vibrational, and thermodynamic properties of the A2B type Laves
phases with C14, C15, and C36 structures in the MgeAleCa system
has been performed using first-principles methods. Energy vs.
volume (EeV) equations of state (EOS) are fitted to the first-
principles calculations. Through the use of the supercell method
with quasiharmonic corrections, the vibrational properties of fcc-Al,
hcp-Mg, fcc-Ca, C14-Mg2Ca, C15-Al2Ca are calculated. It is shown
that C14-Mg2Ca hasweaker bondswith respect to C15-Al2Ca, which
is confirmed by its larger volume, lower bulk modulus, and lower
enthalpy of formation. Furthermore, a comparative study of stable
structures is performed between phonon and DebyeeGrüneisen
model with scaling parameter adjusted from phonon calculation
and suggested in the literature. It is found that those calculations
show the consistent thermodynamic properties of C14-Mg2Ca
and C15-Al2Ca. In addition, the thermodynamic properties of
the nonstable A2B type Laves structures are predicted by both
Debye_Grüneisen and DebyeeWang models.
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