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Abstract

The phase-field approach is used to predict the effect of thickness on domain stability in ferroelectric thin films. The mechanism of
strain relaxation and the critical thickness for dislocation formation from both the Matthews–Blakeslee and People–Bean models are
employed. Thickness–strain domain stability diagrams are obtained for PbTiO3 thin films for different strain relaxation models. The rel-
ative domain fractions as a function of film thickness are also calculated and compared with experimental measurements in PbTiO3 thin
films grown on SrTiO3 and KTaO3 substrates.
� 2012 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

It is well established that the domain/phase stabilities in
epitaxial ferroelectric thin films are controlled by both the
mechanical and electrical boundary conditions [1,2]. It is
also known that the misfit strain will have a significant
impact on the Curie transition temperature [3,4]. With an
increasing demand for portability of electronics devices it
is crucial to understand the effect of size on the properties
of active components in these devices. For example, for fer-
roelectric thin films it has long been believed that there is a
critical size below which spontaneous polarization cannot
be sustained [5,6]. Fong et al. [7] reported the relationship
between the ferroelectric transition temperature Tc and film
thickness, providing experimental evidence of ferroelectric-
ity in ultra-thin PbTiO3 films down to a thickness of 12 Å,
corresponding to three unit cells. In earlier reports the

critical thickness for ferroelectricity in BaTiO3 film [8]
was predicted to be of the order of 10–15 nm at room tem-
perature, and for PZT ferroelectricity was observed in films
[9] as thin as 4 nm. The thickness-dependent evolution of
ferroelectric phases and related domain structures under
different mechanical and electric boundary conditions have
been reported for a series of thin film systems [4–13].

In earlier theoretical models on misfit strain–temperature
diagrams, including thermodynamic calculations [14,15] and
ab initio methods [16,17], as well as phase-field simulations
[18,19], the boundary and geometric or size conditions are
treated as independent parameters. Thickness-dependent
effects like strain relaxation were not included. In all these
models the ferroelectric film is assumed to be fully con-
strained by the underlying substrate, which will generate
internal stresses. The ferroelectric transition below the Curie
temperature will induce eigenstrain in the film. When the
internal stresses due to lattice misfit are too large this
assumption is inappropriate, because the stresses would be
immediately relaxed. There are generally two means of stress
relaxation: formation of a periodic pattern of interfacial
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dislocations at the film–substrate interface at the growth
temperature and ferroelastic twin formation below the Curie
temperature. Thus the effect of misfit strain on the domain
stability may be heavily overestimated and needs to be
reinvestigated.

Modeling thickness-dependent domain stability in ferro-
electrics was pioneered by Roytburd et al. [20] using ther-
modynamic analysis of polydomain heterostructures,
using an effective substrate lattice parameter as a function
of dislocation density, which depends on the critical film
thickness for dislocation generation. The predicted c

domain fractions as a function of film thickness showed
very good agreement with the experimental values in
(001) PbTiO3 thin films grown on MgO and SrTiO3 sub-
strates. Roytburd et al. [21] also presented a detailed ther-
modynamic analysis and phase-field simulations for the
cubic–tetragonal transformation in a constrained ferroelec-
tric layer, and generated a thickness–strain domain stability
diagram for a PbTiO3–ZrTiO3 system (Pb > 60%). Recently
Qiu et al. employed a similar non-linear Landau–Ginzburg–
Devonshire thermodynamic model to construct thickness–
strain domain stability diagrams for (001) oriented PbTiO3

[22] and PbZr1�xTixO3 (PZT) [23] epitaxial thin films. They
compared the critical thickness of dislocation formation
estimated using the classical Matthews–Blakeslee (MB)
[24,25] and People–Bean (PB) model [26,27], demonstrating
that thickness-dependent properties like effective strain and
phase stabilities could be very different depending on the
model used [22,23]. A similar approach was applied to
Ba0.5Sr0.5TiO3 and SrTiO3 thin films [28], and the corre-
sponding thickness-dependent properties were calculated.

In this paper we will extend the previous phase-field
model [18,19] to study thickness-dependent domain stabil-
ities by including strain relaxation mechanisms to calculate
the real effective strain as a function of film thickness.
Using a PbTiO3 thin film as a representative example we
will compare thickness–strain domain stability diagrams
constructed using both the MB and PB (PB) models. We
will also report the domain fractions as a function of film
thickness in PbTiO3 thin films grown on SrTiO3 and
KTaO3 substrates, and compare the simulation results with
experimental measurements.

2. Theory

In this work the thickness-dependent properties of
strained ferroelectric films are modeled using the segrega-
tion model [28]. In this model all the misfit dislocations
are assumed to reside only within a thin buffer layer with
thickness hB, which is much smaller than the film thickness
h. This assumption is different from other approaches where
the dislocations are assumed to be uniformly distributed
within the whole film [29]. When the film thickness exceeds
the critical thickness limit for dislocation formation elastic
relaxation will occur but the strain in the film will still be
homogeneous. The pseudomorphic misfit strain, here
referred to as the “ideal misfit strain”, is calculated as

e0 ¼ ðas � af Þ=af , where as and af are the substrate and film
lattice parameters, respectively, at room temperature. The
actual misfit strain or effective misfit strain eðhÞ at room
temperature as a function of thickness is estimated as [22]:

eðhÞ ¼ 1� ð1� e0Þ
1� e0ð1� hc=hÞ ð1Þ

where hc is the critical thickness for dislocation formation.
For ferroelectric films Speck and Pompe [24] applied the

MB model [25] to calculate the critical thickness for dislo-
cation formation. However, the MB model was originally
developed for metals and it has been shown that the critical
thickness in semiconductor films will be strongly underesti-
mated using this model, especially at relatively low strains
[26,27,30–32]. In ferroelectric thin films, the critical thick-
ness is also underestimated by MB model. For example,
for a PbTiO3 thin film grown on a (001) SrTiO3 substrate
the critical thickness predicted by the MB model is only
6.2 nm [33]. The MB model is also not applicable to high
quality films and substrates, since initial dislocations are
absent in these systems and there will be a significant
energy barrier for nucleation of dislocations during the
growing process [26,27,30–32]. Alternative models were
developed by People and Bean [26,27], which explains the
observed critical thickness for semiconductor films much
better than the MB model [26,27,30]. Thus in this paper
we will employ both the MB and PB models to determine
the critical thickness for dislocation formation and com-
pare the simulation results from the two models.

The critical thickness for dislocation formation has been
given by Speck and Pompe [24] for the MB model and by
Marée et al. [30] for the PB model:

hMB
c ¼

�bð1� m cos2 bÞ
8p cos kð1þ mÞ

1

e0

ln a
hMB

c
�b

� �
ð2Þ

hPB
c ¼

�bð1� mÞ
40pð1þ mÞ

1

e2
0

ln
hPB

c
�b

� �
ð3Þ

where e0 is the ideal misfit strain, �b is the magnitude of the
Burgers vector, m is the Poisson ratio, a is the cut-off
parameter describing the sub-continuum energy of the
dislocation core, b is the angle between the dislocation line
and the Burgers vector, and k is the angle between the Bur-
gers vector and a line that lies within the interface and in a
plane normal to the dislocation line. For the cubic on cubic
epitaxy of perovoskites like PbTiO3 the misfit dislocations
will have a h110i type Burgers vector, pure edge character
(b = 90�) and a 45� inclined to the film/substrate interface
k = 45�) [24]. The cut-off parameter a = 4 and the Poisson
ratio is 0.33 [22,33].

The critical thickness for dislocation formation pre-
dicted by the MB and PB models are plotted in Fig. 1 as
a function of the ideal misfit strain. The x-axis in Fig. 1
only includes the tensile strain, since the critical thickness
is independent of the sign of the strain, i.e. the same mag-
nitude of tensile and compressive strain will result in the
same critical thickness. It is shown that for the same ideal
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misfit strain the PB model will give a much larger critical
thickness than the MB model when the ideal misfit strain
is less than 2.0%. For example, for cubic PbTiO3 on SrTiO3

at room temperature the critical thicknesses according to
the MB and PB models are 6.2 [33] and 48 nm, respectively,
corresponding to an ideal misfit strain e0 of about 1.28% of
the compressive strain. The calculated MB critical thick-
ness in Fig. 1 is essentially the same as that presented in
Qiu et al. [22].

The actual or real misfit strain can be calculated as a
function of thickness based on the critical thickness deter-
mined from either the MB or PB model using Eq. (1), and
two examples are given in Figs. 2 and 3 for PbTiO3 thin
films grown on SrTiO3 and KTaO3 substrates, respectively.
As mentioned above, the ideal misfit strain e0 for cubic
PbTiO3 on cubic SrTiO3 at room temperature is estimated
to be �1.28%, from the lattice parameter mismatch of
cubic unstrained PbTiO3 (3.956 Å [33]) and SrTiO3

(3.905 Å [34]). Similarly, the misfit strain for a PbTiO3 thin
film on a KTaO3 substrate is about 0.83% of the tensile
strain, from the lattice parameters of cubic PbTiO3 and

KTaO3 (3.989 Å [34,35]), also at room temperature. Here
the estimated strain values using the room temperature lat-
tice constants are different from those calculated with the
growth temperature lattice constants for PbTiO3, SrTiO3

and KTaO3 [22], but should still be a reasonable estimation
of the room temperature strain states in these two systems.

In the phase-field model of ferroelectric thin films the
spontaneous polarization vector P(x) = (P1, P2, P3) is
chosen as the order parameter and its spatial and temporal
evolutions are governed by the time-dependent Ginzburg–
Landau equations:

@P iðx; tÞ
@t

¼ �L
dF

dP iðx; tÞ
; i ¼ 1; 2; 3; ð4Þ

where L is the kinetic coefficient related to domain wall
mobility and F is the total free energy of the system.
dF =dP iðx; tÞ is the thermodynamic driving force for the spa-
tial and temporal evolution of P iðx; tÞ. The total free energy
F includes the bulk free energy, elastic deformation energy,
domain wall energy and electrostatic energy, i.e.

F ¼
Z

V
½fbulkðP iÞ þ felasðP i; eijÞ þ fwallðP i;jÞ

þ felecðP i;EiÞ�dV ð5Þ

where V is the volume of the film and dV ¼ dx1dx2dx3. The
bulk free energy density of PbTiO3 is described by a six
order Landau–Devonshire polynomial [36] with free energy
coefficients taken from the literature [14,37]: a1 ¼
3:8ðT � 479Þ � 105; a11 ¼ �7:3� 107; a12 ¼ 7:5�108;
a111 ¼ 2:6� 108; a112 ¼ 6:1� 108; a123 ¼ �3:7� 109; c11 ¼
1:746� 1011; c12 ¼ 7:937� 1010; c44 ¼ 1:11� 1011; Q11 ¼
0:089; Q12 ¼ �0:026; Q44 ¼ 0:0675 (in SI units and T in
�C). A description of the domain wall energy and electro-
static energy can be found in our previous publications
[18,19,38].

The elastic energy density is given by:

felas ¼
1

2
cijkleijekl ¼

1

2
cijklðeij � e0

ijÞðekl � e0
klÞ ð6Þ

Fig. 1. Theoretical MB and PB critical thickness values for misfit
dislocation formation in PbTiO3 thin films as a function of misfit strain
at room temperature T = 25 �C.

Fig. 2. Calculated actual misfit strains as a function of thickness using
both the MB and PB models for PbTiO3 thin films grown on SrTiO3

substrates at T = 25 �C.

Fig. 3. Calculated actual misfit strains as a function of thickness using
both the MB and PB models for PbTiO3 thin films grown on KTaO3

substrates at T = 25 �C.
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where eij ¼ eij � e0
ij is the elastic strain, eij is the total strain

of the film compared with the parent paraelectric phase,
and cijkl is the elastic stiffness tensor. Both eij and e0

ij are
defined using the cubic phase as the reference, and e0

ij ¼
QijklP kP l, where Qijkl is the electrostrictive coefficient ten-
sor. The details of the calculation of the total strain eij in
a (001)-oriented film under a biaxial strain are described
in our previous publications [18,19]. In this work the aver-
age film/substrate misfit strains �e11 ¼ �e22 ¼ eðhÞ along the
x- and y-axes, and eðhÞ is dependent on the film thickness
and is given by Eq. (1). Here we assume �e12 ¼ �e21 ¼ 0.
The overbar indicates an average over the film.

A rectangular coordinate system, x = (x1, x2, x3) is set
up with the x1-, x2-, and x3-axes along the [100], [010],
and [001] crystallographic directions, respectively. We
employed a 128Dx grid size along the x1- and x2-axes, with
periodic boundary conditions. Dx = 1 nm is the spacing
between the two nearest grid points. We vary the thickness
of the film from several to hundreds of nanometers. The
actual strain is calculated using Eq. (1) if the thickness
exceeds the critical thickness determined from the MB
(Eq. (2)) or PB (Eq. (3)) models. The short-circuit electric
boundary condition is employed to compute the dipole–
dipole interactions [38].

3. Results and discussions

3.1. Thickness–strain domain stability diagrams

To construct the thickness–strain domain stability dia-
gram for PbTiO3 thin films we performed a series of simu-
lations under different strains and thicknesses to obtain
the corresponding domain stabilities. Here we present three
types of phase diagrams with different strain relaxation
mechanisms: Fig. 4 is the thickness–strain domain stability
diagram without considering strain relaxation, while Figs. 5
and 6 are the domain stability diagrams using the MB and
PB models to evaluate the actual misfit strains as a function
of film thickness, respectively.

Since a uniform misfit strain without any thickness-
dependent relaxation is assumed in Fig. 4 the only cause of
the shift in phase boundaries as a function of thickness is
the effect of electrostatic interactions. It can be observed that
the boundary separating the c domain region and the
c + a1 + a2 multi-domain region shifts to the left with
increasing thickness, indicating shrinking of the c domain
region in thicker films. This is because this simulation
employs the short-circuit boundary condition which favors
c domains. As the film becomes thicker the effect of the
boundary condition becomes smaller and the fraction of c
domains decreases slightly. A similar trend is observed in
the tensile strain regions, where the c + a1 + a2/a1 + a2

phase boundaries also shift to the left, indicating that a thin
film of small thickness will promote the formation of c

domains.
The thickness–strain domain stability diagrams pre-

sented in Figs. 5 and 6, which include strain relaxation
due to the increase in thickness, exhibit significant differ-
ences from Fig. 4. In both Figs. 5 and 6 the x-axis is the
ideal strain due to the lattice mismatch, which could only
be maintained below the critical thickness for dislocation
formation. When the thickness of the film exceeds this crit-
ical value the real or actual strain is determined by Eqs. (2)

Fig. 4. Thickness–strain domain stability diagram of PbTiO3 thin films at
T = 25 �C, without considering strain relaxation as a function of film
thickness.

Fig. 5. Thickness–strain domain stability diagram of PbTiO3 thin films at
T = 25 �C, using the MB model for critical thickness estimation.

Fig. 6. Thickness–strain domain stability diagram of PbTiO3 thin films,
using the PB model for critical thickness estimation.
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or (3), and the corresponding domain stabilities at this
thickness can be found in Figs. 5 or 6, depending on
whether the MB or PB criteria are used for the critical
thickness calculation. The MB model predicts very limited
strain regions for the formation of pure c or a1 + a2

domains, as shown in Fig. 5, indicating that all the PbTiO3

films with a thickness of 20 nm or more will form the
c + a1 + a2 multi-domain state. As discussed above, the
PB model gives a much larger critical thickness for strain
relaxation compared with the MB model, and results in a
much wider region for pure c and a1 + a2 phases, as illus-
trated in Fig. 6.

3.2. Comparison with experiments

The relative domain fractions as a function of film thick-
ness have been measured using various methods for
PbTiO3 thin films grown on different substrates. Kwak
et al. [39] reported the c domain fraction as a function of
film thickness over a wide thickness range from 30 to about
700 nm for PbTiO3 thin films grown on (001) KTaO3

substrates using metal organic chemical vapor deposition.
Similarly, Hsu and Raj [40] grew PbTiO3 thin films with
thicknesses of from 50 to 350 nm on (001) SrTiO3 sub-
strates using pulsed laser ablation and measured the rela-
tive volume fraction of the a1 + a2 domains based on
mapping of the X-ray diffraction intensity distribution in
the reciprocal space. From phase-field simulations it is
straightforward to count the populations or volume frac-
tions of different domain variants from the simulated
domain structures, which allows us to compare the simula-
tion results with the experimental measurements in the two
systems discussed above.

The calculated c domain fractions as a function of thick-
ness in PbTiO3 films on KTaO3 are plotted in Fig. 7, using
both the MB and PB models. Experimental data from
Kwak et al. [39] are also included for comparison. The real
misfit strain as a function of film thickness in this system is
given in Fig. 3. It can be seen that both models predict
increasing c domain fractions with increasing thickness,

as observed experimentally. This is because a PbTiO3 thin
film grown on a KTaO3 substrate is subjected to tensile
strain. Increasing the film thickness will relax the tensile
strain and promote the formation of c domains. It has also
been demonstrated that the simulation results from the PB
model quantitatively agree well with the experiment results,
indicating a better estimation of the critical thickness for
dislocation formation than the MB model, which gives a
much higher c domain fraction, as shown in Fig. 7. This
may imply that the MB model overestimates the relaxation
of strain, especially for films with small thickness. Fig. 8 is
a plot of the volume fraction of a1 + a2 domains in PbTiO3

films on SrTiO3 together with the experimental data [40]. In
this case the PbTiO3 thin film is compressively strained and
increasing film thickness will produce more a1 + a2

domains. Again, the PB model demonstrates excellent
agreement with the experimental data for this system.

4. Summary

In this paper we have used a three-dimensional phase-
field model to predict the effect of thickness on domain
stability in ferroelectric films. The model takes into account
the ferroelectric domain structure and the electrostrictive
effect, as well as strain relaxation due to the thickness effect.
As an example, the thickness–strain domain stability dia-
gram was constructed for PbTiO3 thin films, using both
the MB and PB models to estimate the critical thickness
and strain relaxation. The relative domain populations as
functions of thickness are plotted for PbTiO3 thin films
grown on SrTiO3 and KTaO3 substrates and compared
with available experimental results. It is shown that the
PB model demonstrates good agreement with the experi-
mental measurements in the above two systems. It is
expected that this study will provide guidance in the inter-
pretation of experimental measurements and observations
as well as in the design of PbTiO3 films with specific thick-
nesses and domain stabilities.

Fig. 7. Calculated and experimental c domain fractions [39] as a function
of thickness in PbTiO3 thin films grown on (001) KTaO3 substrates.

Fig. 8. Calculated and experimental a1 + a2 domain fractions [40] as a
function of thickness in PbTiO3 thin films grown on (001) SrTiO3

substrates.
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