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AbstractÐMany structural transformations result in several orientation variants whose volume fractions
and distributions can be controlled by applied stresses during nucleation, growth or coarsening. Depending
on the type of stress and the coupling between the applied stress and the lattice mis®t strain, the precipitate
variants may be aligned parallel or perpendicular to the stress axis. This paper reports our studies on the
e�ect of applied stresses on nucleation and growth of coherent y' precipitates in Al±Cu alloys using compu-
ter simulations based on a di�use-interface phase-®eld kinetic model. In this model, the orientational di�er-
ences among precipitate variants are distinguished by non-conserved structural ®eld variables, whereas the
compositional di�erence between the precipitate and matrix is described by a conserved ®eld variable. The
temporal evolution of the spatially dependent ®eld variables is determined by numerically solving the time-
dependent Ginzburg±Landau (TDGL) equations for the structural variables and the Cahn±Hilliard di�u-
sion equation for composition. Random noises were introduced in both the composition and the structural
order parameter ®elds to simulate the nucleation of y' precipitates. It is demonstrated that although an
applied stress a�ects the microstructural development of a two-phase alloy during both the nucleation and
growth stages, it is most e�ective to apply stresses during the initial nucleation stage for producing aniso-
tropic precipitate alignment. # 1998 Acta Metallurgica Inc.

1. INTRODUCTION

Stressed aging is one of e�cient treatments for con-

trolling the spatial arrangement of coherent precipi-
tate variants [1±5]. A coherent phase transformation

with a point symmetry reduction usually produces a
number of variants which are oriented in di�erent

but equivalent crystallographic directions [1, 6]. An
anisotropic distribution of the variants could be

introduced by applying stress during aging [1, 2, 7, 8],
and this anisotropic distribution may result in ani-

sotropic behavior of a two-phase material. For
instance, the tetragonal coherent y' precipitate in an

Al±Cu alloy has six variants with their plane re-
spectively parallel to {100} planes of the matrix. If

an initial homogeneous Al±Cu alloy is aged within
the two-phase region of y' and Al matrix without

any external constraint, all the di�erently oriented
variants will grow with the same probability.

However, when the y' precipitation proceeds under
an applied stress, only some of y' variants may

develop preferentially, leading to an anisotropic dis-
tribution of y' variants such as a parallel alignment

of the y' variants. The stress-orienting e�ect on y'
precipitation was studied by a number of

researchers [3±5]. Eto et al. [4] observed that a ten-

sile stress may align y' precipitates along the axis of

the stress, whereas a compressive stress makes the

y' precipitates perpendicular to the axis of the com-

pressive stress. The stress-orienting e�ect on y' pre-
cipitation was also observed by Skrotzki et al. [5]

and Hosford et al. [3], respectively. However, it was

not clear that the stress-orienting process occurs

primarily during nucleation or during variant

growth and coarsening. Sautho� [9±11] found that

the stress-orienting e�ect occurs mainly by selective

coarsening, and the e�ect on nucleation is smaller.

He discussed the e�ects of the orienting energy on

nucleation, growth, and coarsening, and demon-

strated that the precipitate orienting is feasible pri-

marily by coarsening. However, Eto et al. [4]

observed that in an Al±Cu alloy which was subject

to an initial stress-free aging for a very short period

followed by a stressed aging for a long period, all y'
variants appeared and there was little stress-orient-

ing e�ect. On the other hand, by applying stress

during aging for an initial short period followed by

stress-free aging for a long period, they observed

that y' precipitates were aligned in parallel. It there-

fore seems that an applied stress has a strong e�ect

on nucleation or initial precipitation process.

Because of the experimental di�culty in studying

nucleation, the question still remains open: does the

stress-orienting e�ect occur primarily during nuclea-

tion or during growth and coarsening?
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The main objective of the present study is, there-
fore, to distinguish the stress e�ect on the selective

nucleation-and-growth and the selective variant
coarsening by using computer simulation, with the
aim of answering the question whether the stress-

orienting e�ect primarily takes place during nuclea-
tion-and-growth or during variant coarsening. A
di�use-interface phase-®eld kinetic model based on

the time-dependent Ginzburg±Landau and Cahn±
Hilliard di�usion equations was employed [12±
14, 38]. By introducing random noises in the com-

position and the structural order parameter ®elds,
the nucleation of precipitates can be simulated.
Therefore, the stress-orienting e�ects on both the
selective nucleation and during growth and coarsen-

ing could be investigated. In particular, we consider
the precipitation of y' in Al±Cu alloys. The y' pre-
cipitate is a coherent second phase which greatly

enhances the strength of Al±Cu alloys. This precipi-
tate phase has a tetragonal structure, and there is a
large negative mis®t (about ÿ4.5%) between the y'
phase and the Al matrix along h001iy'6h001iAl

direction [15, 16]. The lattice mismatch is of particu-
lar importance to determining both the morphology

of a coherent variant and the spatial arrangement
of di�erently oriented variants [7, 8, 17±20].

2. DESCRIPTION OF THE DIFFUSE-INTERFACE
FIELD MODEL

2.1. Representation of a two-phase microstructure

In the di�use-interface ®eld model, a microstruc-

ture is described by a set of spatially dependent
®eld variables. The precipitate phase (y') and the
matrix (Al) under study di�er not only in compo-

sition but also in structure. These di�erences are

distinguished respectively by using a composition
®eld variable, C(r, t), and long-range structural

order parameters, Zi(r, t), where the subscript, i,
corresponds to di�erently oriented variants of the
precipitate phase. The former distinguish the com-

positional di�erence between the precipitate and the
matrix, while the latter distinguish the structural
di�erence between the precipitate and the matrix

and also distinguish di�erently oriented variants of
the precipitate phase. These ®eld variables are con-
tinuous across the interphase boundaries. The

microstructure of a multi-variant two-phase mixture
can be represented by plotting either the compo-
sition ®eld, C(r, t), or the structural order par-
ameter variables, ai Zi

2(~r, t). Figure 1 schematically

illustrates a multi-variant microstructure rep-
resented by the ®eld variables.

2.2. The driving force for microstructural evolution

According to thermodynamic laws, the equili-
brium state of a multi-phase system corresponds to
the minimum free energy. The system is driven

towards its equilibrium state by the reduction in
free energy. The driving force for the temporal evol-
ution of a coherent multiphase microstructure con-
sists of the following contributions: (1) the

reduction in the chemical free energy; (2) the
decrease in the total interfacial energy of inter-
phase boundary between di�erent phases and

boundaries or between di�erently oriented variants;
(3) the relaxation of the elastic strain energy caused
by the lattice mismatch between the matrix and the

precipitate phase; and (4) the reduction in the coup-
ling potential energy between the internal strain and
external load, i.e., a constant applied strain or

stress. In the present model, all these contributions

Fig. 1. A schematic illustration of a multi-variant two-phase mixture represented using the ®elds of
composition and structural order parameters. There are two pairs of conjugate variants which are
oriented in four directions and represented by (Z1=2Zo, Z2=0) and (Z1=0, Z2=2Zo), respectively.

There is a 1808 di�erence in orientation between each pair of the conjugate variants.
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to the total free energy are included and expressed

in terms of the ®eld variables, C(r, t) and Zp(r, t).
2.2.1. The chemical free energy. The growth of y'

precipitates is driven by the di�erence in chemical

free energy between a supersaturated matrix and

the equilibrium matrix containing the y' precipi-

tates. This di�erence in chemical free energy ap-

proximately determines the volume fraction of y'
phase. In the di�use-interface ®eld model, the local

chemical free energy density is approximated using

a Landau-type of free energy polynomial
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where v is the number of orientation variants and p

is the notation for pth variant. At a given compo-

sition, the local free energy function has a number

of degenerate minima corresponding to the free

energy of each orientation variant, respectively.

Therefore, the free energy density as a function of

composition for the precipitate phase can be

obtained by minimizing f with respect to the struc-

tural order ®eld variables at di�erent compositions,

i.e. f(C, Zpo(C)). For the present case of y' precipi-
tation in an Al±Cu alloy, the coe�cients in

equation (1) were chosen as follows: A1=54.0,

A2=ÿ 17.0, A3=7.0, A4=2.5, and

A5=A6=A7=0.2. (The free energy was measured

in a unit, mkBT1108 ergs/cm3, where T = 4438K,

m is a normalization coe�cient equal to

1.63�1021 cmÿ3.) C1 and C2 are constants respect-

ively close to compositions of the aluminum matrix

and the y' phase, and their values are chosen as

C1=0 and C2=0.44. Figure 2 illustrates the chemi-

cal free energies as a function of C: one curve corre-

sponds to the matrix (Al) and the other

corresponds to the y' phase. This chemical free

energy function provides equilibrium compositions

of the precipitate phase and the matrix in the stress-

free state as well as the chemical driving force for

precipitation.
2.2.2. The interfacial energy. In a compositionally

and/or structurally inhomogeneous solid, the inter-

phase boundary energy also contributes to the sys-

tem's total free energy. In the present simulation

study, we assume that the interfacial energy is crys-

tallographically isotropic, and it may be accounted

by evaluating the energy contribution from the gra-

dient terms in C and Zp ®elds. The total chemical

free energy of an inhomogeneous system may thus

be expressed as [12±14]

Fc �
�
V

� f �C, Zp�r��

�
Xv
p�1

ap
2
�rZp�r��2 �

b
2
�rC�r��2� d3r �2�

where ap and b are gradient energy coe�cients. The

integration is performed over the entire system. The

total interfacial energy of the system is de®ned as

the excess free energy associated with the interfaces,

i.e.,

stot �
� �

f �C, Zp� ÿ fo�C �

�
Xv
p�1

ap
2
�rZp�2 �

b
2
�rC �2

�
d3r �3�

where

fo�C � � f �Cy 0 , Zpo�Cy 0 ��

� f �Cy 0 , Zpo�Cy 0 �� ÿ f �Cm, Zp � 0�
Cy 0 ÿ Cm

�Co ÿ Cy 0 � �4�

where Cy' and Cm are compositions of the precipi-

tate and the matrix, respectively. Co is the average

composition of the system.
2.2.3. Elastic strain energy. An important contri-

bution to the total free energy of a coherent two-

phase mixture system comes from the elastic energy

which is caused by the lattice mismatch between the

precipitate and the matrix. Since the lattice mis-

match is crystallographically anisotropic, the resul-

tant coherent strain is anisotropic and this plays the

major role in determining the morphological evol-

ution (shape and orientation) of a precipitate var-

iant. In addition, the long-range elastic interactions

between di�erent variants a�ect the growth of each

single variant and thus strongly in¯uence the

mutual spatial arrangement of di�erently oriented

variants of the precipitate phase.

Fig. 2. Chemical free energies of y' phase and the matrix
of Al±Cu alloy vs composition.
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Eshelby developed an elastic theory in 1957 for

calculating the elastic strain of an ellipsoidal in-

clusion in an isotropic matrix based on the assump-

tion that both phases have the same elastic

moduli [21, 22]. By changing the ratios in length

between di�erent axes of the ellipsoidal inclusion,

one may use Eshelby's theory to estimate the elastic

energy of a coherent inclusion which may have

di�erent shapes such as a sphere, a disk, or a nee-

dle. Eshelby's theory has been later on modi®ed

and developed by many researchers [23±28].

Walpole [23], Kinoshita and Mura [24], and Asaro

and Barnett [25] subsequently proved or extended

Eshebly's theory to the anisotropic elastic cases.

Lee et al. [27] numerically calculated the anisotropic

elastic strain energy of coherent ellipsoidal precipi-

tates and compared the results with those obtained

using the isotropic elasticity theory. An alternative

elastic theory of coherent two-phase systems in the

homogeneous modulus approximation was pro-

posed by Khachaturyan [17, 29, 30]. This theory is

general and can be used to calculate a coherent in-

clusion with an arbitrary morphology.

Khachaturyan theory has been extended to elasti-

cally inhomogeneous solids, i.e. the solids which

contain phases having di�erent elastic moduli [31].

This elastic theory was recently applied to the

microstructural evolution in coherent multiphase

materials [7].

In an Al±Cu alloy, the precipitate phase, y', has a
tetragonal crystal structure with ay'=4.04 AÊ and

cy'=5.80 AÊ . While the matrix has a f.c.c. structure

with aAl=4.049 AÊ . This structural di�erence

between y' phase and the matrix causes a mis®t

strain. Since the di�erence between the lattice par-

ameters along the c-direction is so large, the inter-

faces parallel to the c-direction can not be fully

coherent. Dahmen and Westmacott [15] suggested

that the y' phase has a vacancy-type mis®t of

ÿ4.5% in (001)y'6(001)Al when a two-unit cell y'
precipitate is ®tted into three unit cells of the Al-

matrix. Their suggestion is consistent with exper-

iment studies conducted by Stobbs and Purdy [16].

Therefore, e(001)
0 =ÿ 0.045 is used for the present

simulation study. The eigen-strain tensor matrix is

thus represented as�ÿ0:0022 0 0
0 ÿ0:0022 0
0 0 ÿ0:045

�
: �5�

In Khachaturyan theory, di�erent phase

domains in a two-phase microstructure are separ-

ated by sharp-interfaces. The spatial dependence of

stress-free strain can be characterized by a so-

called shape-function which is 1 within a precipi-

tate and 0 in the matrix. In the di�use-interface

description, however, the stress-free strain should

be expressed in terms of ®eld variables since a

interphase boundary has a certain thickness across

which the ®eld variables change gradually. We

assume that the local stress-free transformation

strain, eij
0(r), is primarily dependent on the struc-

tural order parameter

e0ij�r� �
Xv
p

e0ij� p�Z2p�r� �6�

where Zp(r) is the normalized structural order par-

ameter describing the pth variant, and eij
0(p) is the

corresponding stress-free strain for the pth variant

when Zp(r) = 1. The elastic energy of a two-phase

mixture can be calculated as a function of the

eigen-strain and the order parameter

®elds [14, 32, 33]. The ®nal expression of the elastic

energy has the following form [8]

Eel � V

2
lijkl�eij�ekl ÿ Vlijkl�eij

Xv
p

e0kl� p�Z2p�r�

� V

2
lijkl

Xv
p

Xv
q

e0ij� p�e0kl�q�Z2p�r�Z2q�r�

ÿ 1

2

Xv
p

Xv
q

�
d3g

�2p�3 Bpq�n�fZ2p�r�gg*fZ2q�r�gg �7�

where lijkl is the elastic constant.

Bpq(n) = nisij(p)Ojk(n)skl(q)nl and Ojk(n) is the

reverse matrix of Ojk
ÿ1(n) = nilijklnl. g and n= g/g

are a vector and its corresponding unit vector in

the reciprocal space, respectively. {Zq
2(r)}g is the

Fourier transform of Zq
2(r) and {Zp

2(r)}g* is the

complex conjugate of {Zp
2(r)}g. �eij � �e0ij � �eaij is the

homogeneous strain which contains the homo-

geneous strain, �e0ij , caused by the presence of the

precipitates and the applied strain, �eaij . In

equation (7), the fourth term represents the con-

®guration energy which determines the morpho-

logical pattern of a multi-variant microstructure.

The ®rst and third terms are constants which are

dependent on the eigen-strain and the applied

load. These two terms do not a�ect the mor-

phology of the two-phase system. The second term

represents the elastic coupling between the applied

stress or strain and the local strain. Since the

eigen-strain matrixes of di�erently oriented var-

iants have di�erent values, the second term is

therefore crystallographically anisotropic and this

determines the growth behavior of each orientation

variant under an applied stress or strain, thus

leading to the selective growth of di�erently

oriented variants. The details of the derivation of

the elastic strain energy in the ®eld model was

given in another paper [8].

When a precipitation process is constrained by

applying a constant strain or stress, the internal

strain ®eld in the two-phase system is changed by

the applied strain or stress, resulting in a variation

of the strain energy barrier to growth of the precipi-

tate. There are two types of constraints [2, 8]. One
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is the strain-constraint, in which the system is under
a constant applied strain with the system's bound-

ary ®xed. The governing potential of the system is
the Helmholtz free energy. The second type of con-
straint, called stress-constraint, is to apply a con-

stant stress on the system without ®xing the
system's boundary. Under this condition, the sys-
tem is subjected to a constant external force. In this

case, the governing potential is the Gibbs free
energy.
The strain-constraint and the stress-constraint are

two constraint modes frequently used for stressed
aging treatment. For the strain-constraint condition,
since the boundary of the system is ®xed, the total
elastic energy is obtained by simply replacing the

homogeneous strain in equation (7) by the applied
homogeneous strain, i.e., �eij � �eaij ,

Eel � V

2
lijkl�eaij�e

a
kl ÿ Vlijkl�eaij

Xv
p

e0kl� p�Z2p�r�

� V

2
lijkl

Xv
p

Xv
q

e0ij� p�e0kl�q�Z2p�r�Z2q�r�

ÿ 1

2

Xv
p

Xv
q

�
d3g

�2p�3 Bpq�n�fZ2p�r�gg*fZ2q�r�gg �8�

where the second term represents the coupling
between the transformation strain, eij

0(p), and the
applied strain, �eaij . For the present simulation, the

microstructural evolution under the strain-con-
straint condition was studied. The treatment for
the stress-constraint condition was given
elsewhere [8]. Although the expression of elastic

energy in the stress-constraint condition is slightly
di�erent from the strain-constraint condition, they
may not cause a detectable di�erence in micro-

structures developed respectively under these two
constraint conditions.

2.3. The evolution equations for microstructural evol-
ution

In this ®eld model, the temporal evolution of a
microstructure is determined by solving the time-

dependent Ginzburg±Landau equations [34] for the
non-conserved structural order parameter ®eld vari-
ables and the Cahn±Hilliard di�usion equation [35]

for the conserved concentration ®eld variable:

@Zp�r, t�
@ t

� ÿ Lp
dF

dZp�r, t�
� zp�r, t�,

@C�r, t�
@ t

�Mr2 dF
dC�r, t� � x�r, t� �9�

where the subscript p represents di�erent types of

variants and p = 1, 2, . . . , v. v is the number of
the precipitate variants which oriented in di�erent
directions. M and Lp are kinetic coe�cients
which characterize the atomic di�usivity and inter-

face boundary mobility. F is the total free energy

of the system which includes the chemical free

energy, the interfacial energy, and the elastic strain

energy. For the present simulation study, F is a

Helmholtz free energy because of the strain-con-

straint condition (®xed system boundary). If the

system is under a stress-constraint condition (free

system boundary), F should be a Gibbs free

energy [2, 8].

zp(r, t) and x(r, t) are the Langevin noise terms

which generate Gaussian-distributed random noises

and satisfy the requirements of the ¯uctuation±dis-

sipation theorem [36]

hzp�r, t�zp�r 0, t 0�i � 2kBTLpd�rÿ r 0�d�tÿ t 0� �10�

hx�r, t�x�r 0, t 0�i � ÿ2kBTMr2d�rÿ r 0�d�tÿ t 0� �11�
where kB is the Boltzmann constant and T is the

temperature. The noise terms are related to thermal

variations (acoustic phonons) which have short

relaxation times. The noises cause localized ¯uctu-

ations in the composition and the structural order

parameter ®elds.

The variational derivatives of the total free

energy with respect to the compositional and struc-

tural ®eld variables are, respectively,

dF
dC�r� �
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where {Bpq(n){Zq
2(r)}g}r represents the inverse

Fourier transform of Bpq(n){Zq
2(r)}g.

2.4. Numerical solutions

Since the evolution parts of equation (9) are non-

linear with respect to the ®eld variables, they were
solved numerically. We solved the kinetic equations
in equation (9) using the semi-implicit Fourier±

Spectral method [39]. In the Fourier space, the kin-
etic equations in equation (9) become

@Zp�g, t�
@ t

� ÿ Lp

�
dF
dZp

�
g

� zp�g, t�,

@C�g,t�
@ t

� ÿMg2
�
dF
dC

�
g

� x�g,t� �16�

where { . . .}g is the Fourier transform of ( . . . ); Zp(g,
t), C(g, t), x(g, t), and zp(g, t) are Fourier trans-

forms of Zp(r, t), C(r, t), x(r, t), and zp(r, t), respect-
ively. In the semi-implicit method, we treated the
linear high-order terms implicitly and the non-linear
terms explicitly, i.e.,

Zn�1p �g� ÿ Znp�g�
Dt

�ÿ Lp

��
@ f

@Zp

�n

g

� apg2Zn�1p �g�

�
�
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�
� znp�g�,

C n�1�g� ÿ C n�g�
Dt

�ÿMg2
��

@ f

@C

�n

g

� bg2C n�1�g�
�
� xn�g�: �17�

Starting with initial distributions of the non-con-
served and conserved ®eld variables, equation (17)
can be solved iteratively to yield the time-depen-
dence of the ®eld variables, and thus the micro-

structural evolution.

3. RESULTS AND DISCUSSION

According to the change in symmetry, there are
six possible orientation variants of the tetragonal y'
phase in a f.c.c. Al matrix, whose [001]y' axes are re-
spectively parallel to six h100iAl axes. x, y, z axes of
the global coordinate frame are respectively parallel
to [100]Al, [010]Al, [001]Al of the matrix. In this

coordinate, the eigen-strain matrixes of y' phase
variants are

e0ij�001�y 0 k�001�Al
� e0ij�001�y 0 k�00�1�Al

�
�ÿ0:0022 0 0

0 ÿ0:0022 0

0 0 ÿ0:045

�
,

e0ij�001�y 0 k�010�Al
� e0ij�001�y 0 k�0�10�Al

�
�ÿ0:0022 0 0

0 ÿ0:045 0

0 0 ÿ0:0022

�
,

e0ij�001�y 0 k�100�Al
� e0ij�001�y 0 k��100�Al

�
�ÿ0:045 0 0

0 ÿ0:0022 0

0 0 ÿ0:0022

�
: �18�

The elastic constants of the Al matrix and the y'
precipitate phase were assumed to be the same, and
elastic constants of aluminum were used for the
simulation: C11=1.08� 1012 ergs/cm3, C12=0.61�
1012 ergs/cm3, and C44=0.29�1012 ergs/cm3 [37].
The simulation was conducted in a two-dimen-

sional space and four y' variants were considered,

which were distinguished by using two structural
®eld variables, Z1=2Zo and Z2=2Zo, respectively.
A 256�256 uniform square grid was used to
spatially discretize the ®eld equations. The gradient

coe�cients ap and b were assumed to be 1.5. The
kinetic coe�cients in equation (9) are assumed to
be constant. Lp and M were chosen to be 0.4. In

order to investigate the strain e�ect on the growth
of y' precipitates, compressive and tensile stresses,
s = 3 67 MPa, were initially applied to the system

to introduce compressive and tensile strain con-
straints (i.e., resulted in constraint strain ea), re-
spectively. In the present simulation, the reduced

time t* = t/to was used to represent the ``aging
time'', where to=(LmkBT)

ÿ1. For each iteration, the
time step is Dt* = 0.002.

3.1. Morphology of a single y' particle

The morphology of a coherent precipitate phase

in a two-phase material a�ects the local strain state
and is therefore of importance to properties of the
material. In order to investigate morphological

evolution of a single y' particle in Al±Cu alloys, a
spherical y' particle (circle in 2D space) was
embedded in a Al±Cu matrix with composition

Cm=0.06. It was observed that a shape transform-
ation took place as the ``aging'' proceeded. The par-
ticle changed its shape from a sphere to a thin disc

with a thin cross section as shown in Fig. 3. This
change in shape is attributable to the crystallogra-
phical anisotropy of the growth rate of the particle.
Since the interfacial energy was assumed isotropic,
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this shape change is therefore mainly caused by the

elastic energy which is a function of the shape and

orientation of the particle. The morphology of a

coherent precipitate is actually determined by the

balance between the strain energy and the inter-

phase boundary energy. However, the e�ect of

interfacial energy is dominant only when the par-

ticle is small. As the particle grows bigger, the elas-

tic energy becomes predominant, since the elastic

energy increases faster (with r3 where r is the

dimension of the particle) than the interfacial

energy (with r2). Therefore, the particle has a criti-

cal size, larger than which the elastic energy has a

predominant e�ect on the morphology of the par-

ticle. This critical size may be estimated in the fol-

lowing way [17]. The interfacial energy of a

coherent precipitate is estimated as

Es0Sp � gs �19�
where Sp is the surface area of the precipitate

dependent on the precipitate shape, and gs is the

interfacial energy dependent on the orientation of

the precipitate. The coherent elastic energy may be

estimated as

Eel0Vp � le20 �20�
where Vp is the precipitate volume, l is the typical

elastic modulus, and e0 is the typical stress-free

transformation strain. The precipitate morphology

is determined by minimizing

Fig. 3. A y' particle changes from an initial sphere (square in 2D space) to a thin plate with a narrow
leaf-like cross section under the in¯uence of the coherent elastic energy. (a) t* = 0, (b) t* = 900, (c)

t* = 1800, (d) t* = 3000.
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Es � Eel:

We may estimate the ratio

k � Es

Eel
0 Sp � gs

Vp � le20
0 r0
�Vp=Sp�0

r0
r
: �21�

The critical size dimension is thus obtained by let-

ting the ratio equal to the unity, that is

r0 � gs
le20

: �22�

When the size dimension of a particle is larger than

r0, i.e., k0r0/r < 1, the morphological evolution of

the particle is dominated by the elastic strain

energy; while the interfacial energy play a predomi-

nant role in the morphological evolution when the

size dimension of the particle is smaller than ro, i.e.

k>1. For the particle illustrated in Fig. 3, its was
calculated using equations (3) and (7), which re-

spectively give values of the interfacial energy and

the elastic energy. The obtained ratio is equal to

0.033<<1. The elastic energy is therefore predomi-
nant in determining the morphology of the y' par-
ticle. The obtained interfacial energy has the value

gs=179 mJ/m2, which is in the usual range of coher-

ent interphase boundaries. Using this gs value, we
estimated r0 using equation (22) and obtained

r000.8 nm. Compared with experimentally observed

y' precipitates [4, 5] whose dimensions are usually in

the region of 50 nm, it is obvious that their mor-
phologies are dominated by the elastic energy.

Fig. 4. Microstructural evolution in a Al±Cu alloy, starting from the nucleation caused by initial ran-
dom ¯uctuations in the concentration ®eld as well as in the structural order parameter ®elds. (a)

t* = 70, (b) t* = 700, (c) t* = 3500, (d) t* = 7000.
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3.2. Microstructural evolution and its variation with
applied stresses

Microstructural evolution in a supersaturated Al±

Cu alloy during nucleation and growth was simu-

lated. The starting composition and structural order

parameter ®elds were homogeneous, with

Cm(~r) = 0.06 and Zp(~r) = 0. Nucleation was in-

itiated by ``turning on'' the noise terms in

equation (9) and was kept on for a certain period.

The tetragonal y' phase has three types of variants

with their (100)y' (or (100)y') plane parallel to (100),

(010) and (001) planes of the f.c.c. matrix, respect-

ively. Since the simulation was carried out in a 2D

space, only two types of y' variants were con-

sidered. Each type of the variants include variants

with a particular orientation and their conjugates,

e.g., (100)y'6(100) variants and their conjugate,

(100)y'6(100) variants. The simulated process of the

microstructural evolution is illustrated in Fig. 4.

The developed microstructure consists of two types

of y' variants which are perpendicular to each

other. The simulated morphological pattern agrees

very well with experimental observations [4, 5].

A tensile stress with the magnitude equal to

67 MPa was initially applied to a supersaturated

Al±Cu system to establish a constant constraint

strain. Under such a constraint strain, only one

type of y' variants grew preferentially along the

stress orientation, thus forming a parallel alignment

of the y' variants as illustrated in Fig. 5(a). When

the applied stress was changed to a compressive

one, the favored y' variants, however, became those

perpendicular to the axis of the compressive stress

(see Fig. 5(b)). The simulation agrees with the ex-

periments conducted respectively by Eto et al. [4]

and Skrotzki et al. [5], but contradicts that per-

formed by Hosford and Agrawal [3]. On taking a
close look at the eigen-strain of y' phase (see

equation (5)), one may see that the major com-
ponent of the eigen-strain is a negative mismatch
along z direction. This negative eigen-strain causes

a tensile strain along the z direction. If a compres-
sive external strain is applied along the z axis, it
reduces this internal tensile strain and thus

decreases the strain energy barrier to the growth of
the precipitate, thus leading to preferential growth
of the precipitate which lies perpendicular to the

compressive stress. If a tensile stress is applied,
however, it will increases this tensile strain and thus
unfavors the growth of the precipitate. As a result,
only those variants which lies along the tensile

applied stress will grow selectively. It is not clear
why a di�erent stress-induced preferential alignment
was observed by Hosford and Agrawal. This con-

tradiction may be explained from possible vari-
ations in the lattice mis®t. As suggested, small y'
precipitates have a negative mis®t [15]. While the

mis®t may change its sign and magnitude during
particle thickening [16]. It is noticed that the y' pre-
cipitates observed by Hosford and Agrawal [3] are

bigger than those observed by Eto et al. [4] and
Skrotzki et al. [5]. If the eigen-strain changes its
sign and becomes positive as the precipitate size
increases, the preferential orientation of y' precipi-
tate under stresses may be along the directions
observed by Hosford and Agrawal. However,
whether or not this is true needs further studies.

3.3. The mechanism of the stress-orienting e�ect on

the selective precipitation

An applied stress has a strong orienting e�ect on

the formation of particularly oriented y' precipitate
variants. There are two possibilities for the for-

Fig. 5. Microstructures formed under external stresses applied vertically. (a) s = 67 MPa, (b)
s=ÿ 67 MPa. t* = 7000.
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mation of parallel alignment of the selective y' var-
iants under the applied stress. One is the stress-
selected nucleation and the other is the stress-
selected variant growth. Which one is primarily re-

sponsible for the stress-orienting e�ect is still con-
troversial. Sautho� [9±11] found that the stress-
orienting e�ect occurs mainly on the selective coar-

sening although there is also a smaller but observa-
ble e�ect on nucleation. Eto et al. [4] designed

experiments to investigate the stress-orienting e�ect.
In a stressed aging experiment, they applied a stress
to a supersaturated specimen only at the beginning

of the aging when the nucleation of y' precipitates
is predominant. Under such a condition, precipi-
tated y' variants were aligned in parallel. It thereby

appears that the stress orienting e�ect is mainly on
nucleation, i.e. under the applied stress only some

particularly oriented nuclei can form, which result
in the ®nal parallel alignment of y' variants with
speci®c orientations. For a further con®rmation,

they also examined e�ects of a stress which was
applied to a supersaturated specimen after initial
®ve minutes of stress-free aging. The stressed aging

lasted 32 hours. In this case, no parallel alignment
of y' variants was observed. Since during the initial

®ve minutes of aging under stress-free condition
various nuclei could form, the absence of parallel
alignment of y' variants indicates that a later

applied stress did not cause a selective growth of in-
itially formed y' nuclei with di�erent orientations.
From the experiments, they suggested that the

stress-orienting e�ect is a direct consequence of the
formation of particularly oriented nuclei. However,

the strain energy analysis in a Ni±Ti system made
by Li and Chen [1] demonstrates that there is a
strain energy barrier to the growth of a coherent

precipitate due to the lattice mismatch. This energy
barrier can be changed by the coupling between the
coherent strain and the applied stress, which is crys-

tallographically anisotropic. As a result, some var-
iants of a coherent precipitate phase may grow

preferentially and this leads to a parallel arrange-
ment of the selectively grown variants. This coup-
ling is always present from nucleation to

coarsening. Therefore, the stress e�ect should exist
during both the nucleation and growth. In order to
justify this hypothesis and clarify the existing dis-

agreement, the following simulation studies were
performed.

Three simulation ``experiments'' were conducted.
The entire ``aging'' was divided into two periods
from t* = 0 to t* = 1000 and from t* = 1001 to

t* = 5000. Nucleation was initiated by ``turning
on'' the noise terms in equation (9) during the ®rst

period, while during the second period the noise
terms were ``turned o�'' so that only the growth of
the precipitates was allowed. The initial compo-

sition and the structural order parameter ®elds were
homogeneous, with Cm=0.06 and Zp=0. The fol-
lowing three conditions were tested.

(i) Constrained nucleation and stress-free growth.

In this case, the nucleation proceeded under a
tensile stress applied vertically with its magnitude
equal to 67 MPa, followed by a stress-free growth

period. Figure 6(a) illustrates the microstructural
evolution under such a constraint condition. It is
clearly demonstrated that the constrained nuclea-

tion results in the formation of a group of particu-
larly oriented precipitate variants. It thus appears

that this preferentially oriented precipitation is
attributed to the stress-orienting e�ect on the selec-
tive nucleation.

(ii) Stress-free nucleation and constrained growth.
In this case, no stress was applied during the

nucleation period but the growth period proceeded
under a tensile stress applied vertically with its mag-
nitude equal to 67 MPa. Figure 6(b) illustrates the

microstructural evolution under such a condition.
Microstructural patterns taken at t* = 50,
t* = 500, and t* = 5000, respectively, are pre-

sented. In this case, no stress-orienting e�ect was
observed. It seems that the stress-orienting e�ect is

primarily on the selective nucleation rather than the
selective variant growth. This is consistent with the
conclusion drawn from the simulation performed

under the condition (i).
(iii) Stress-free nucleation and constrained growth

under a higher stress.

The simulation was performed under the con-
dition similar to the condition (ii) but the constraint

stress had a higher magnitude, s = 112 MPa. The
simulation demonstrates that under this higher
stress the precipitate variants grew selectively and

formed a parallel alignment as Fig. 6(c) illustrates.
Since nuclei were generated without any applied
constraints, this parallel alignment of particularly

oriented variants is therefore attributed to the
stress-induced selective variant growth.

From the above simulations, it is clear that the
stress-orienting e�ect exists not only during nuclea-
tion but also during growth of coherent precipitate

variants. The magnitude of the stress necessary to
produce selective variant growth is, however, higher
than that for the selective nucleation. This increase

in the magnitude of the applied stress for selective
variant growth is understandable from the view-

point of the elastic interaction between y' variants.
In the stage of nucleation, the elastic interactions
between di�erent y' nuclei are weak, because the

elastic interaction energy of a pair of variants is
dependent on their sizes and the inter-distance. As
a result, each y' nucleus may grow quite indepen-

dently. When a stress is applied, whether or not a
nucleus is elastically favored to grow is therefore

dependent only on the coupling between its eigen-
strain and the applied stress. Once the coupling
results in a decrease in the elastic energy, a nucleus

can continuously grow. However, this is not true
during the variant growth stage. In a two-phase sys-
tem with grown y' precipitates, the elastic inter-
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Fig. 6. Microstructural evolution under di�erent constraint conditions: (a) constrained nucleation
(s = 67 MPa) followed by free variant growth, (b) free nucleation followed by constrained variant
growth (s= 67 MPa), and (c) free nucleation followed by constrained variant growth under a high

stress (s = 112 MPa).

LI and CHEN.: STRESS-ORIENTED NUCLEATION AND GROWTH 2583



action between the grown y' variants is much stron-
ger and this leads to a self-accommodative spatial

distribution of the y' variants to minimize the total
elastic energy. To break this self-accommodative
distribution and to produce a selective variant

growth, an applied stress of higher magnitude is
necessary to make the selective variant growth poss-
ible.

It should be pointed out, however, that the
nucleation of y' precipitates is a complicated pro-
cess. It is generally believed that during this process

GP zones are ®rst formed, then a transition phase
y0 develops from the GP zones, followed by the for-
mation of y' precipitates which eventually transform
to equilibrium y phase. According to the classic

interpretation [5, 40±43], y' precipitates nucleate on
either GP zones or y0 precipitates. In the present
study, nuclei of y' precipitates were generated by

introducing ¯uctuations in both the composition
and the structural order parameter ®elds. The ¯uc-
tuations do not necessarily provide embryos which

have the same composition and order parameters as
those the y' precipitates have. In fact, some of these
¯uctuations gradually develop into y' nuclei and the

rest vanish under the in¯uence of the thermodyn-
amic driving force. This compositionally and struc-
turally heterogeneous matrix may provide favorable
sites for y' nucleation as the GP zones and y0 phase

do. Although we did not simulate the particular
process, GP zones 4 y0 4 y', it is expected that the
applied stress has an e�ect on nucleation of GP

zones and y0 similar to that of y'. Therefore, the
fact that y' phase may not directly nucleate from
the matrix does not change our conclusion on the

e�ect of applied stress on nucleation.

4. CONCLUSION

A computer simulation study was conducted to
investigate microstructural evolution in an Al±Cu
alloy containing coherent y' precipitates, using a

di�use-interface ®eld model. The stress-orienting
e�ects on the selective nucleation and the selective
variant growth of y' precipitates were particularly
studied. It was demonstrated that the growth of a

y' precipitate is strongly a�ected by internal and
external strains. The high eigen-strain causing a
large lattice mismatch makes the y' precipitate a

very thin disc. Under the in¯uence of external stres-
ses, the y' precipitation becomes selective, resulting
in parallel alignment of y' precipitate variants. It is

demonstrated that although the stress-orienting
e�ect occurs during both nucleation and growth, it
is more e�ective during the nucleation stage, in

agreement with experimental observations.
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